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Abstract

In this paper, we consider the point and interval estimation of P(Y < X) in
two-parameter exponential distribution when the scale parameter is either
known or unknown including a test of hypothesis.
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1 Introduction

A two-parameter exponential distribution is given by

1
flxp,0) = ;e_(x_“)/(’, x>p, 0>0 pueR. (1)
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The problem of estimating and of drawing inferences about the probability that a
random variable Y is less than an independent random variable X arises in reliability
studies. When Y represents the random value of a stress that a device will be sub-
jected to in-service and X represents the strength that varies from item to item in
the population of devices, then the reliability R, i.e., the probability that a randomly
selected device functions successfully is equal to P(Y < X). The same problem also
arises in the context of statistical tolerence where Y represents, say, the diameter of
a shaft and X the diameter of a bearing that is to be mounted on the shaft. The
probability that the bearing fits without interference is then P(Y < X).

In biometry, Y represents a patient’s remaining years of life if treated with drug A
and X represents the patient’s remaining years when treated with drug B. If the choice
of drug is left to the patient, person’s deliberations will center on whether P(Y < X)
is less than or greater than 1/2.

The probability that a Weibull random variable Y is less than another independent
Weibull random variable X was considered by McCool (1991). Many other authors
have considered the problem for a number of other distributions.

In this paper, we consider the inference problem on P(Y < X) in two-parameter
exponential distribution when the scale parameters are known or not known, which
includes point and interval estimation and a test of hypothesis.

2 Inference on P(Y < X)

Let X and Y be independent two-parameter exponential random variables with pa-
rameters (i, 0,) and (uy, 0y), respectively. Then

PY <X) = // Iy (Y; by, o) [x (@5 pig, 07 ) dydax
My <y<z

_pP_ 75/0'1 5>0
{pﬂe 5 <0, @)

where p = 0,/0y, 0 = f1y — ptg, and fx(z) and fy(y) are the pdf’s of X and Y,
respectively.

To consider inference on P(Y < X), assume X1, Xo,...,X,, and Y1,Ys,...,Y, be
two independent random samples from two-parameter exponential distributions with
parameters (fig,05) and (jy, 0y ), respectively. Then the MLE § of § is

0= fiy — fiz = Y1) — Xy = D, 3)

where X (1) and Y(;) are the first order statistics of X;’s and Y;’s, respectively.

By the results in Johnson et al (1970), we have the following Fact 1.
Fact 1: (a) X(y) follows an exponential distribution with a location parameter u, and
scale parameter o, /m.
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(b) If X1, Xo,...,X,, are iid exponential distributions with a scale parameter o, and
a location parameter pi;, then Y " (X; — X(y) follows a gamma distribution with a
shape m — 1 and scale o,.

(c) If a random variable X follows a gamma distribution with a shape « and a scale

o, then £ (ﬁ) = ?%2;“,2, for a > k.

From Fact 1(a), we can obtain the expectation and variance of §=D:

E(D) = s+ "=
n m
oz | %

Then we can obtain the pdf of D as follows.

- (d-9) .
_mn__ "o, if d>6
d = nam—l—may m ’ B 5
ot { e it d < ?

2.1 When the scale parameters o, = 0, = 0y is known

From the result (2),

l(3_5/”0, >0

Then the probability depends on § only. Because R is a monotone function in 9,
inference on ¢ is equivalent to inference on R. We hereafter confine attention to the
parameter ¢ (see McCool (1991)).

When the scale parameters o, = 0, = 09 and og is known, let T'= D — . Then
from the pdf (5) of D, we have the following pdf of T

m+n oo m ) 6
n_ ., meggt if £<0. (©)

m+n og ’

_m_ . noTogt if >0
fr(t) = {

Based on a pivotal quantity 7', we shall consider an (1 — p; — p2)100% confidence
interval of §. For a given p1, there exists a by such that
b1
n m m
L —evo'dt
_som+n oy

pP1=

and hence -
by = — In[(m +n)p1/n]. (7)
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For another 0 < py < 1, there exists a by such that

[e.e]

and hence -
by = — 2 Inf(m + n)pa/m). (8)

Next we wish to test the null hypothesis Hy : p, = py against Hy @ p, #
py. Let © = {(pg, piy)|ptz € R,y € R} and 0 = (fig, pty). Then the joint pdf of
(Xl,XQ,...,Xm,Y17Yé,...,Yn) is

n

m

1 1

L(9) = fo(z,y) H;O (@i= ’“)/UOH;Oe Wimm)/o0 for all @; > pie, yi > iy-
i=1 i=1

From the likelihood function, we can obtain the MLE’s of u, and u, as
fz = X(l) and fi, = Y(1)~
If p1 = py = p, then the MLE of p is
fi = min(X ), Y1) = Yoy + X0y — [Yo) — X)])/2.
From definition of likelihood ratio test (Rohatgi (1976)), the likelihood ratio test
function can be obtained as
m n

m n
Az, y) = QXP(*|D|(Qf‘0 + %) + D(T‘O - T‘o))’ where D =Y(q) — X(y).

Therefore,

Alx,y) <A< D <bjorD > by. (9)

Under Hy : pz = piy, ie., 6 =0, T =D — 6 = D, and hence, for given 0 < a < 1, we
can find b; and by of (9) through the results (7) and (8) by substituting p1 = pa = a/2.
This yields by = 7% In[(m + n)a/2n] and by = —%2 In[(m + n)a/2m)].

2.2 When the scale parameters o, and o, are unknown

We first develop a test for the null hypothesis Hy : o0, = 0y, = 0, 0 unknown
against the alternative hypothesis Hy : o0, # oy, e € R, py € R. Let O =
{(Umo'ya,uxvﬂyﬂax > 0,0y >0,py € R,y € R} and 0 = (O'xyo'y)/i:cauy)'

Then the joint pdf of (X7, Xo,..., X, Y1,Ys,...,Y,) is

n

1

||7€ (yz Ny)/gy fOI" a11$1>uza yl>luy
a

i=1 Y

m]' CC g
L(9) = fo(z,y) = H; i~Ha)/os
i=1 %
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Differentiating the likelihood function with respect to o, and o,, we obtain the
MLE’s as

m n

R 1 . 1 R .
On = — D (Xi— X)), 6y = - Y (Yi—Yy), and fie = Xq), fiy = V).
i=1 =1

If 0, = 0y = 0, then the MLE of o is

&= njm (Z(Xi —X(l))+Z(Y¢—Y(1))>- (10)
=1

=1

From the definition of likelihood ratio test, the likelihood ratio test function can be
obtained as

Az y) = G\ Gy " (m—+n\" (m4n\" 1 m 1 "
W= \G ) ~\Um n 1+1/U 110)

i (Xi—X())
where U = DS IR 11 v Y((ll;)

Therefore,

Az, y) <ceU<u or U>us. (11)

From Fact 1(b) and Rohatgi (1976), we have the following Fact 2.
Fact 2: (a) Z = —221 1 Xw) and W = —221 i -Y))
with 2(m —1) and 2(n — 1) degrees of freedom, respectlvely (b) The random variables
Z and W are independent.
) _ _ _ i (Xi=Xm)/(m=1)

Under Hy : o0, = 0y = o, From Fact 2, U = Z?:ll(YrY(i))/(nfl)
F-distribution with 2(m — 1) and 2(n — 1) degrees of freedom. Hence for a given
0<a<l,from (11),

uz = Fop(2(m —1),2(n — 1)) and uy = 1/F,/5(2(n —1),2(m — 1)).

If the null hypothesis is accepted, then R = P(Y < X) is a monotone function of
B =4/0 and is given by the following.

follow chi-square distributions

follows an

1
R=PY <X) = {f_leg/g 50
2 ) :

Then the plug-in estimator of 3, using results in (3) and (10) is obtained as

. R (m+n)(Ya) — X))
—D/G = .
b /o Yo (Xi = X)) + 2205, (Y = Yy)

From the results (4) and Fact 1(c), we obtain the following.

5 3 m? — n?

E(B) =6+

m+n—3 mn(m +n — 3)



124  International Journal of Statistical Sciences, Vol. 8 (Special), 200/

and
. (m +n)2(m? + n?)

_ 2
Var(g) = m2n?(m +n —3)%2(m+n — 4)6 '

Hence, a large sample test for R can be suggested in terms of 3 in a routine manner.

2.3 When p, = p, = 1o and p is known

From the result (2), R = P(Y < X) = p/(1+ p) is a monotone functione of p. Hence,
inference on p is equivalent to the inference on R (see, McCool (1991)).
The MLE of p is given by

From Fact 1, we can obtain the expectation and variance of p as

m(n —1)2(n —2)

E(p) = %p and Var(p) = p% n > 2.

Define .
5= n—1 Zi:1(Xi — fi0)
m 35 (Y — po)

Then p is an unbiased estimator of p and Var(p) = m/ﬁ, n > 2.

Then we have the following Fact 3.

Fact 3: An unbiased estimator p has less MSE than the MLE p for n > 2.

Next, we wish to test the following hypothesis Hy : 0, = o,(= o) against the
alternative Hy : 0, # o0,. As in the preceding section, the MLE’s of o, and o, are
6z =2 5" (Xi— po) and &, = 2 3% | (Vi — o), respectively. If the null hypothesis
is true, then the MLE of ¢ is given by 6 = m}i-n(zzil(Xl — po) + >4 (Y — po)).
From the likelihood ratio test and using the same argument of the preceding section,
the critical region for the test is given by A(z,y) < ¢ & W < wy, or W > ws, where
W = >"(Xi — po)/ >oiy(Yi — po). If the null hypothesis is true, then the test
statistic W follows an F-distribution with (2m,2n) degrees of freedom. Therefore,
for a given 0 < a < 1, the critical points are given by w; = 1/F,/2(2n,2m) and
wy = Fy,/5(2m, 2n).

3 Concluding Remarks

In this article, we have developed inference procedures for R without explicitly deriving
the form of UMVUE for R. We propose to undertake this and other related studies
in a forthcoming article.
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