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Abstract

An attempt is made in this paper to compare the efficiency of linear method
to the Ordinary Least Squares (OLS) method in estimating the parame-
ters of two-parameter exponential distribution, a member of location-scale
family of distributions. Based on computer simulated data from the study
distribution OLS and linear estimates of parameters with their standard
errors and two more statistics, Ellipsoid of Concentration (EC) and Gener-
alized Variance (GV) are computed for five different sample size and nine
parameter combinations. The relative efficiency of linear method with re-
spect to OLS method is computed using the GV and EC by parameter
combination and sample size. It is observed that linear method is on an av-
erage 7.85 times efficient by GV and 52.17 times efficient by EC than that of
OLS method. No trend is observed for variation in sample size or parameter
combinations. No variation for parameter combination is observed.

Keywords and Phrases: Ordinary Least Squares; Linear Method; Two-
parameter Exponential Distribution; Ellipsoid of Concentration; General-
ized Variance; Relative Efficiency.

1 Introduction

Because of its simplicity a good number of authors used Least Squares method in
different ways to estimate parameter of Location-scale family of distributions. Cox
and Hinkley (1968) studied the efficiency of Least-square estimates in extreme-value
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regression models and observed that Location parameter is 97.8% efficient in compar-
ison to maximum likelihood estimator while the efficiency of scale parameter is only
55.3%. Gehan and Siddiqi (1973) studied several location family of distributions. They
observed that least squares estimators are more or less equally efficient to maximum
likelihood estimates for those distributions whose hazard function or its transforma-
tion can be expressed as linear function of parameters based on order statistics. Lloyd
(1952) derived best linear unbiased estimator for location-scale family of distributions
whose survival function is available in closed form. Mann and Fertig (1977) studied
the efficiency of linear estimates for extreme-value distribution and observed that they
are as good as the maximum likelihood estimates.

In modern day’s two-parameter exponential distribution, a member of location-
scale family of distributions, has extensive use in the field of life testing and reliability,
survival analysis, medicine, economics and other fields. Karmokar (1998) observed
that for scale parameter, OLS estimate possess the smallest standard error than the
linear method for all sample size and all parameter combinations while for location
parameter the situation is just reverse. Under this situation, it is not possible to draw
a conclusion about the relative efficiency of the methods. So we have estimated the
parameters of two-parameter exponential distribution using linear estimation based
on order statistics and compare overall efficiency of this method with that of least
squares method. Generalized variance and ellipsoid of concentration are employed to
measure the relative efficiency of the methods.

2 Estimation of Parameters

2.1 OLS Estimation of Parameters

The survival function of two-parameter negative exponential distribution

f (x ; θ, σ) =
1
σ

exp
{
−(x − θ)

σ

}
, x ≥ θ , σ > 0 (1)

is

S (x) =
∫ ∞

x

1
σ

exp
{
−(u − θ)

σ

}
du; u ≥ θ, σ > 0

= exp
{
−(x − θ)

σ

}
∴ Loge S (x) =

− (x − θ)
σ

=
θ

σ
− x

σ

⇒ Y = B0 + B1x (2)

where B0 = θ
σ , B1 = − 1

σ and Y = Loge S (x)
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Let x1, x2, · · · , xn be a random sample from this distribution so that the Kaplan-

Mier Product-Limit estimator Ŝ(xi) of S(xi) is Ŝ (xi) =
i∏

j=0

nj−1
nj

if there is no ties, if

there are di observations equal to xi, then Ŝ (xi) =
i∏

j=0

nj−dj

nj
where, nj is no. at risk

in jth failure

⇒ Y ∗
i = B0 + B1xi + ei

where Y ∗ = Ŝ(xi). The OLS estimate of (2) is

B̂1 =

n∑
i=1

(
Y ∗

i − Ȳ ∗) (xi − x̄)

n∑
i=1

(xi − x̄)2
, B̂0 = Ȳ ∗ − B̂1x̄

Finally,

σ̂ = − 1
B̂1

and θ̂ = −B̂0

B̂1

(3)

V
(
B̂1

)
=

S2
e

n∑
i=1

(xi − x̄)2
, S2

e is estimated error variance.

V
(
B̂0

)
= S2

e

⎧⎪⎪⎨⎪⎪⎩
1
n

+
x̄2

n∑
i=1

(xi − x̄)2

⎫⎪⎪⎬⎪⎪⎭ =
S2

e

∑
x2

i

n
n∑

i=1
(xi − x̄)2

Cov
(
B̂0, B̂1

)
=

x̄ S2
e

n∑
i=1

(xi − x̄)2

Using Statistical Differentials

V (σ̂) =
V ar
(
B̂1

)
{

E
(
B̂1

)}4 =
S2

e

B̂4
1

n∑
i=1

(xi − x̄)2
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V
(
θ̂
)

=
[
g′
(
B̂0

)]2
V ar
(
B̂0

)
= σ̂2 V ar

(
B̂0

)
where g

(
B̂0

)
= B̂0σ̂

=
S2

e σ̂2

n
+

x̄2S2
e σ̂2

n∑
i=1

(xi − x̄)2

Cov
(
θ̂, σ̂
)

= − x̄S2
e σ̂

B̂2
1

∑
(xi − x̄)2

2.2 Linear Estimation

Let y1 ≤ y2 ≤ · · · ≤ yn be the ordered observation in a random sample of size n

from two-parameter exponential model (1). Let Zi =
(

yi−θ
σ

)
; i = 1, 2, · · · , n be the

standardized order statistics and define, αi = E (Zi) and vij = Cov (Zi, Zj) ; i, j =
1, 2, · · · , n. From standardized order statistics, it follows that,

yi = θ + σZi + εi

E(yi) = θ + σZi

∴ E(Y ) = Aµ (4)

⇒ Y = Aµ + ε

Where,

A =

⎡⎢⎢⎢⎣
1 α1

1 α2
...

...
1 αn

⎤⎥⎥⎥⎦
Y = (y1, y2, · · · , yn)′ and µ = (θ, σ)′

Now if E (Y ) = Aµ and V ar (Y ) = σ2V , where V = (vij) then from (4) the linear
estimates of θ and σ as follows:

µ̂ =
(
A′V −1A

)−1
A′V −1Y (5)

and variance-covariance matrix of
(
θ̂, σ̂
)′

is σ2
(
A′V −1A

)−1. To solve equation (5)
mathematically, computation of A and V matrix are necessary. For the computation
of A matrix, we have,

αi = E (Zi) =
i∑

j=1

1
(n − j + 1)
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2.3 Covariance between Zi and Zj

Let T1 = nZ1, T2 = (n− 1)(Z2 −Z1), · · ·, Tn = (Zn −Zn−1). Then, Zi = T1
n + T2

(n−1) +

· · · + Ti
n−i+1 and T1, T2, · · · , Tn are iid from F (t) = 1 − exp(−t). Hence, for i ≤ j,

Cov (Zi, Zj) = E [(T1 − 1) /n + (T2 − 1) /(n − 1) + · · · + (Ti − 1) /(n − i + 1)]
[(T1 − 1) /n + (T2 − 1) /(n − 1) + · · · + (Ti − 1) /(n − i + 1)]

= V ar (T1) /n2 + V ar (T2) /(n − 1)2 + · · · + V ar (Ti) /(n − i + 1)2

= 1/n2 + 1/(n − 1)2 + · · · + 1/(n − i + 1)2

2.4 Ellipsoid of Concentration

Let (T1, T2, · · · , Tr) be an unbiased estimator of {τ1 (θ) , τ2 (θ) , · · · , τr (θ)}. Let σij (θ)
be the ijth element of the inverse of covariance matrix of (T1, T2, · · · , Tr), where the
ijth element of the covariance is σij(θ) = cov[Ti, Tj ]. The ellipsoid of concentration
(EC) of (T1, T2, · · · , Tr) is defined as the interior point and boundary of the ellipsoid

r∑
i=1

r∑
j=1

σij (θ) [ti − τi (θ)] [tj − τj (θ)] = (r + 2)

Loosely speaking, the ellipsoid of concentration measures how concentrated the dis-
tribution of (T1, T2, · · · , Tr) is about {τ1 (θ) , τ2 (θ) , · · · , τr (θ)}. The distribution of an
estimator(T1, T2, · · · , Tr), whose ellipsoid of concentration is contained within the ellip-
soid of concentration of another estimator (T ′

1, T
′
2, · · · , T ′

r) is more highly concentrated
about {τ1 (θ) , τ2 (θ) , · · · , τr (θ)} than is the distribution of (T ′

1, T
′
2, · · · , T ′

r). Which im-
plies that joint efficiency of estimators will be decreasing as the value of the ellipsoid
of concentration increases.

2.5 Wilks’ Generalized Variance

Let (T1, T2, · · · , Tr) be an unbiased estimator of {τ1 (θ) , τ2 (θ) , · · · , τr (θ)}. Wilks’ Gen-
eralized variance (GV) of (T1, T2, · · · , Tr) is defined to be the determinant of the co-
variance matrix of (T1, T2, · · · , Tr). This is an important statistics and shows how
sufficiently it could be used to improve on an arbitrary unbiased estimator, general-
izes to r dimension. It should be noted that like EC joint efficiency of the estimators
decreases as the generalized variance increases.

3 Results and Discussions

To investigate efficiency of OLS and Linear methods of estimation from two-parameter
exponential distribution, a member of location-scale family of distributions, we have
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worked with 4500 samples of five different size at nine different parameter combina-
tions, (100, 15), (100, 20), (100, 25), (200, 15), (200, 20), (200, 25), (300, 15), (300,
20) and (300, 25) with 100 samples of each computation. Using same set of data for
these methods 4500 pairs of values for the parameters in total along with their stan-
dard errors are computed for samples of five different size (10, 15, 20, 25, 30) at nine
different parameter combinations {(θ, σ): ( 100, 15)), ( 100, 20), (100, 25 ), (200, 15),
(200, 20), (200, 25), (300, 15), (300, 20), (300, 25)} 100 estimates for each sample and
each parameter combination. These results are summarized in Table-1. Further we
have calculated two more statistics, viz. Generalized Variance (GV) and Ellipsoid of
Concentration (EC). Estimated values of statistics for different sample size, parameter
combination and methods of estimation are displayed in Table-2. The percentage of
relative efficiency of linear method with respect to OLS method by sample size and
parameter combination using GV and EC are given in Table-3.

4500 pairs of estimates for location and scale parameters of our study distribution
along with corresponding standard errors are converted into 45 pairs averaging over 100
independent samples and displayed in Table-1 by methods of estimation, parameter
combination and sample size. An examination of the figures of Table-1 shows that as
the sample size increases average value of the estimated location parameter tends to be
equal to the true parameter for both the methods for all values of location parameter
(100,200,300). This implies that estimates are unbiased at least asymptotically. For
a fixed sample size linear estimate of location parameter is found to be more close to
the true parameter than OLS estimate for all values of the true location parameter
and for all sample size included in this study. Consequently linear estimates are found
to possess smaller standard error than OLS method in general. For a fixed value of
location parameter, standard error of estimates decreases with increasing sample size
for both the methods of estimation. This indicates that the estimates are consistent
also. This is observed to be true for all values of location parameter and sample size.
Effect of variation of scale parameter is observed to be very negligible on the estimates
of location parameter.

Regarding closeness of the estimated value of scale parameter with true value,
method of estimations exhibits no sampling variation neither for changing sample size
nor for the parameter combination. What is observed that OLS estimates possess
smaller standard error than linear method for all sample size and all value of the scale
parameter studied. Changes in location parameter are observed to have no effect on
the estimates of scale parameter for both the methods and for all sample size. Under
this situation, it is not possible to draw a conclusion about the relative efficiency of
the methods of estimation. GV and EC displayed in Table-2 are used to reach the
conclusion.

An overview of Table-2 reveals that both GV and EC is minimum for linear method
than OLS method irrespective of sample size and parameter combination for the set of
parameters. This leads us to conclude approximately that linear method of estimation
on an average is better than OLS method in estimating parameters of two-parameter
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exponential distribution. Relative efficiency of linear method with respect to OLS
method, using GV and EC by parameter combination and sample size shown in Table-
3 indicates that linear method is on an average 7.85 times efficient than OLS method
with a minimum of 4.77 to a maximum of 13.15 by GV and by EC linear method
is on an average 52.17 times efficient than OLS method with a minimum of 2.78 to
a maximum of 195.00. No trend for sample size and/or parameter combination is
observed in the relative efficiency.
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