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Abstract

The analysis of residuals forms the basis of diagnostics in linear regression.
The residuals are used as substitutes of the true random disturbances since
the latter ones are unobserved. The most commonly used least squares
residuals can be severely affected in the presence of outliers. This problem
with the least squares residuals is not clearly understood from the expecta-
tion of the residuals. In this paper we show that a conditional expectation
approach clearly exhibits this problem when conditioning a group of out-
lying observations. We also notice that residuals become even worse when
mean shift outlier errors are used in the model. We observe, however,
that the deletion residuals possess better conditional properties for both
the standard model and the outlier model. Deletion residuals represent the
true disturbances accurately irrespective of whether they correspond to the
outlying observations or not.
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1 Introduction

Let us consider a standard linear regression model
Y =Xp+¢€ (1)

where Y is an n-vector of observed responses, X is an n X k matrix representing
k explanatory variables with full column rank, § is a k vector of unknown finite
parameters and € is an n-vector of uncorrelated random disturbances with E(€) = 0
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and V(€) = o2I, where 0% is an unknown parameter and I is an identity matrix
of order n. In fitting a model like (1), ordinary least squares (OLS) technique has
been generally adopted because of tradition and ease of computation. Under usual
assumptions, the OLS estimator 3 = (X7 X) ! X7Y possesses some nice and useful
properties. The vector of fitted values can be expressed as V=X B = WY, where the
matrix W = X (XTX)~1X7T is known as weight or leverage matrix. The OLS residual
vector, denoted by €, can be expressed in terms of the vector of the true disturbance
vector € as

E=Y-Y=(I-W)¢ (2)

In fitting a linear regression model by the OLS method we often observe that a va-
riety of estimates and residuals can be substantially affected in the presence of out-
liers. Observations corresponding to excessively large € values are termed as outliers.
Rousseeuw and Leroy (1987), Barnett and Lewis (1994) and many others study dif-
ferent aspects of outliers in linear regression. Looking at the right hand side of (2),
Weisberg (1980) pointed out that each of the OLS residuals could be expressed as the
weighted average of the true disturbances. Therefore the presence of a single outlier
not only effects the residual corresponding to that particular observation, the entire
residual set can be distorted in the presence of that outlier. In the least squares the-
ory we assume F(€) = 0 which also leads to F(€) = 0 and thus we observe that the
problem with the OLS residuals in the presence of outliers is not properly addressed
while considering the unconditional expectation of the residuals. In section 2, we in-
troduce deletion residuals that have extensive use in regression diagnostics [see Cook
and Weisberg (1982), Chatterjee and Hadi (1988), Imon (2002)]. We also discuss mean
shift outlier (MSO) model in this section which is frequently used [see Barnett and
Lewis (1994)] in diagnostics. We observe in section 3 that under the conditional ex-
pectation approach, the performance of neither of the OLS residuals or the residuals
obtained from the MSO model is satisfactory in the presence of outliers. However, the
deletion residuals corresponding to all of the observations possess better properties
conditioning on a group of observations.

2 Deletion Residuals and the Mean Shift Outlier Model

Here we define deletion residuals which are based on a fit to the data with a group
of observations deleted. The full set of residuals is reestimated from the rest after
deleting a group of observations. This type of residuals is also known as predictive
residuals [Cook and Weisberg (1982)] in the literature. Let us denote a set of cases
‘remaining’ in the analysis by R and a set of cases ‘deleted’ by D. Let us also suppose
that R contains (n — d) cases after d < (n — k) cases in D are deleted. Without loss of
generality, assume that these observations are the last of d rows of X and Y so that
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they can be partitioned as

=[] =[]

Then the weight matrix W = X (X7 X)71 X7 can be partitioned as

Ur 174
W p—
vT Up
where
Urp=Xp(XTX)"1XL Up=XpXTX)"'X} (3)

are symmetric matrices of order (n — d) and d respectively, and
V= Xp(X"X)"' X} (4)

is an (n — d) x d matrix. Hence using the result of Chatterjee and Hadi (1988), the
vector of estimated parameters after the deletion of d observations, denoted by 3(—2),
is obtained as

D) = (XEXR)T'XEYR
= B—(XTX)"'X{(Ip—Up)'ép (5)
assuming that (Ip — Up) is invertible and where €p = Yp — X DB. Thus an n x 1
vector of deletion residuals can be defined as

eP —y — xpD) (6)

Using (5) and (6), the deletion residual vector can be expressed in terms of the OLS
residual vector €, and the vector of OLS residuals as

e = e 4 x(XTX)'Xh(Ip — Up) 'ép (7)
We can partition D) as
ég%_D) Yr — XRB(iD)
e=D) — —
et Yp — XpstP)
that implies
ég%_D) = éR + V(ID — UD)_léD
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It is also possible to express the different components of deletion residual vector e=b)
in terms of the vectors of true disturbances, € g and € p, using the results of Chatterjee
and Hadi (1988) and Imon (2002) as

€r = Yp—XpB=(r—Ur) €r—V €p

€p = Yp—XpB=(Up-Up)ep —V'ep (9)
and

D) = g~ Ur -~ V(Ip—Up) VT ep

eSP) = ep—(Ip-Up) VT ep (10)

At this point let us introduce a mean shift outlier (MSO) regression model. Anscombe
(1960) first proposed the concept of mean shift outlier in statistical data. Here we as-
sume that z1, x3, -+, x,—1 is a random sample from a population with mean p and
variance o2, but an observation z,, comes from a population with mean p + a and the
same variance o2. But in a regression problem observations corresponding to unusual
errors are termed as outliers. Therefore we consider a mean shift outlier model

Y =Xp+€* (11)

where €*= §+ €, § is an n x 1 vector with (n—d) zeros and d unknown non-zero values
corresponding to the d mean shift errors (outliers). For this model we can partition
the vector of true errors as

% Er +gr €Rr
< <€D+5D) <€D+5D> ( )

E(e") = ( gg* > . (13)

Gentleman and Wilk (1975) suggest this type of model that has extensive use in the
study of the identification and handling of outliers in linear regression. The OLS
residuals obtained from this MSO model for the two sets of observations R and D are
denoted by €f and €], respectively. Using (9) and (12) we obtain

so that

é*R = (IR—UR)ER—V<5D+€D)
€, = (Ip—Up) (dp+ep)—VTep (14)

In a similar way the deletion residuals obtained from the MSO model can be expressed
as

Ex = [Ir—-Upr—-V(Ip—-Up) V7] ep
(€p +0p) — (Ip —Up) 'V e (15)
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3 Results Conditional on a Group of Observations

In this section we will show the average effect of the deletion of a group of observa-
tions on the analysis of residuals. We would expect that the residuals are unbiased
estimators of the true disturbances. To form a deletion set D, we consider a group of
suspect outlying observations as candidates for deletion. How to select such a group is
another topic that is not discussed in this paper. A conditional expectation approach
may be useful as the average effect of deletion on a set of residuals can be investigated
while conditioning on the values of the set of residuals that have been deleted.

For a standard regression model, under usual assumptions we obtain E {€r} = Og
and E{€p} = 0p. Let Er{ € } denotes the conditional expectation with respect
to all the disturbances € of the ‘remaining’ group indexed by R with the €’s in the
deleted set D held fixed. In other words we have

Er{€er} =0r, Er{ep}=¢€p

In a similar fashion we may obtain the conditional and unconditional expectations for
the OLS and deletion residuals from (9) and (10) and these results are presented in
Table 1.

Table 1: Conditional and unconditional expectations of residuals conditioning on €p
for the standard model

Expectation | Residual Type Components

€R €D

.. OLS Or Op

Unconditional Deletion 0 05
Conditional OL.S —Vép | Up=Up)€p

Deletion Op €D

It is clear from Table 1 that the unconditional expectation produces confusing
results for both the OLS and deletion residuals. The OLS and the deletion residuals
are unbiased but effects of a group of deleted observations on the OLS residuals as
anticipated in (2) are not visible here. However, the conditional expectation shows the
scenario more clearly. It is observed that the OLS residuals of the R set can be affected
in the presence of unusual observations in the D set. They are not able to estimate
disturbances corresponding to the D set unbiasedly. The deletion residuals clearly

show their merit in the conditional expectation approach. The deletion residuals ég{D)

are unbiased for E{€r} = 0p and é(gD) are unbiased estimates of €p conditional on

the values on D. Thus the deletion residuals represent the true disturbances more
accurately than the OLS residuals.
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Now we consider the conditional and unconditional expectations of OLS and dele-
tion residuals for the mean shift outlier model. The results of expectations of the OLS
and the deletion residuals when conditioning a group of observations are summarized
in Table 2 together with their corresponding unconditional results obtained from (14)
and (15).

Table 2: Conditional and unconditional expectations of residuals conditioning on €p
for the MSO model

Expectation | Residual Type Components
ER €D
.. OLS —Vép (Ip —Up)dp
Unconditional Delotion e e
N OLS —V (ep +dp) | Up —Up) (€p +Ip)
Conditional Deletion O €p +op

We observe from Table 2 that the unconditional OLS residuals resulting from
the MSO model corresponding to the R set and D set are affected in the presence
of outliers. Similar remarks may apply with the residuals obtained from the OLS
residuals conditioning a group of observations. The unconditional expectation of the
vectors of deletion residuals corresponding to the R set and D set are Og and dp
respectively which should be the case in an MSO set up if we used the true errors
as it is shown in (13). When conditioning on a group of observations indexed by D,
the expectation of the true errors for the R set and D set should be Oz and €p +dp
respectively and we observe the same results from the conditional expectation of the
deletion residuals of the MSO model.

4 Conclusions

This paper compares usual residuals from the OLS analysis with the deletion residuals,
where the calculations are performed after a set of observations is deleted. Comparison
is also made with the OLS and deletion residuals from the mean shift outlier model. On
the basis of comparison of the expectations of the residuals given the error vector of the
deletion set, as well as the unconditional expectations, we conclude that the deletion
residuals are the most suitable for analysis, as these have expectations exactly equal
to their corresponding true errors.
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