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Abstract

It is well known that usual ANOVA- F tests are not valid for experimental
data having some sort of heteroscedasticity. Some new adjusted test pro-
cedures are developed in this paper for RBD assuming error variances vary
from cell to cell.

1 Introduction

In this paper, we have considered the case where error variances (σ2ij ’s) vary from
cell to cell of a Randomized Block Design (RBD) having r observations per cell. On
the assumption that the error variances are known Weighted Analysis of Variance
(WANOVA) are derived. Such WANOVA χ2 or F tests can be easily studentized
using suitable unbiased estimators of the error variances. New test procedures are
derived from such studentized χ2 or F tests using the well known Meier’s theorem
(1953). Talukder (1976) and Sen (1984) had shown that such adjusted studentized
test procedures are good for practical uses.

2 Heteroscedastic Two-way Model

In heteroscedastic two-way classification, the observations are classified according to
two criteria or factors, say different treatments (A) and different blocks (B). Suppose
there are p treatments and q blocks in such an experiment. The observations in such
an experiment may be arranged in an two-way table. Let there be r observations in
each of the pq cells of the table. Let yijk be the k-th observation in the (i.j)-th cell.
Then the additive two way fixed effect model for “RBD” may be taken as follows:

yijk = µ+ αi + βj + eijk for i = 1, 2, · · · , p; j = 1, 2, · · · , q; k = 1, 2, · · · , r (1)
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with the constraints
∑

i Vijαi =
∑

j Vijβj = 0; ∀i&j, where Vij = 1
σ2
ij

µ = the general mean,
αi = effect due to the i− th treatment (A)
βj = effect due to the j − th block (B)
and eijk= the random error term assumed to be independently normally distributed
with mean zero and variances σ2ij ’s which vary from cell to cell. Our main object is to
test the following hypotheses about the fixed effects of the factors:

HA : α1 = α2 = · · · = αp against H0A : all αi’s are not equal. (2)

HB : β1 = β2 = · · · = βq against H0B : all βj ’s are not equal. (3)

3 Weighted Analysis of Variance (WANOVA)

Let us assume, to start with that the weights, Vij = 1
σ2
ij
, the reciprocal of the error

variances (σ2ij ’s) for i = 1, 2, · · · , p and j = 1, 2, · · · , q are known. To get weighted
least square (WLS) estimators of the parameters in the model (1), we are to minimize∑

i

∑
j

∑
k Vij (yijk − µ− αi − βj)

2 with respect to µ, αi, βj and the normal equations
are as follows:

µ : rµ̂
∑
i

∑
j

Vij + r
∑
i

∑
j

Vijα̂i + r
∑
i

∑
j

V̂ij β̂j =
∑
i

∑
j

∑
k

Vijyijk

αi : rµ̂
∑
j

Vij + rα̂i

∑
j

Vij + r
∑
j

Vij β̂j =
∑
j

∑
k

Vijyijk

βj : rµ̂
∑
i

Vij + r
∑
i

Vijα̂i + rβ̂j
∑
i

Vij β̂j =
∑
i

∑
k

Vijyijk

Since the equations are dependent, the following WLS estimators are obtained by
using the constraints

∑
i Vijα̂i =

∑
j Vij β̂j = 0

µ̂ =
∑
i

∑
j

∑
k

Vijyijk/rV··· = ỹ··· (say) with V·· =
∑
i

∑
j

Vij

α̂i =
∑
j

∑
k

Vijyijk/rVi· − µ̂ = ỹi·· − ỹ···

and β̂j =
∑
i

∑
k

Vijyijk/rV·j − µ̂ = ỹ·j· − ỹ···

the bar (∼) over y··· implies that it is a function of σ2ij ’s and this convention of notation
will be followed through out this paper.

Here the WLS estimators of αi’s and βj ’s are unbiased and hence the HA and HB

are testable as follows in usual ANOVA method:
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Now substituting the values of µ̂, α̂i and β̂j in (1) we get,

êijk = yijk − µ̂− α̂i − β̂j

= yijk − ỹ··· − ỹi·· + ỹ··· − ỹ·j· + ỹ···

= yijk − ỹi·· − ỹ·j· + ỹ···

Now from (1) we have

yijk = µ̂+ α̂i + β̂j + êijk

= ỹ··· + (ỹi·· − ỹ···) + (ỹ·j· − ỹ···) + (yijk − ỹi·· − ỹ·j· + ỹ···)

⇒ (yijk − ỹ···) = (ỹi·· − ỹ···) + (ỹ·j· − ỹ···) + (yijk − ỹi·· − ỹ·j· + ỹ···)

Squaring and multiplying both sides by Vij and then summing over i, j and k we have,∑
i

∑
j

∑
k

Vij(yijk − ỹ···)
2 = r

∑
i

Vi·(ỹi·· − ỹ···)
2 + rp

∑
j

V·j(ỹ·j· − ỹ···)
2

+
∑
i

∑
j

∑
k

Vij(yijk − ỹi·· − ỹ·j· + ỹ···)
2

as product terms are zero.
or, SST (V ) = SSA(V ) + SSB(V ) + SSE(V ) [in usual notation]
with (pqr − 1) d.f. = (p− 1) d.f. + (q − 1) d.f. + (pqr − p− q + 1) d.f.

The corresponding WANOVA table obtained is given below:

Table 1: WANOVA table

Sources d.f. SS E(SS)
Treatment (p− 1) SSA(V ) (p− 1)+r

∑
i Vi·α

2
i , where Vi· =

∑
j Vij

Block (q − 1) SSB(V ) (q − 1)+r
∑

i V·jβ
2
j , where V·j =

∑
i Vij

Error (pqr-p-q+1) SSE(V ) (pqr − p− q + 1)
Total (pqr − 1) SST(V ) by adding - - - - - - - -

By the general theorem of Sen (1991), we can conclude that SSE(V ) are central χ2

with (pqr − p− q + 1) d.f. and SSA(V ) and SSB(V ) are non-central χ2 with (p− 1),
(q−1) and (pqr−p− q+1) d.f. and with non-centrality parameters λAV = r

∑
i Vi·α

2
i

and λBV = r
∑
V·jβ

2
j respectively, which becomes zero under HB and H0B; and also

they are independent. Hence the WANOVA F -test for HA is provided by,

F (V ) =
SSA(V )/(p− 1)

SSE(V )/(pqr − p− q + 1)

=
r
∑

i

∑
j Vij(ỹi·· − ỹ)2/(p− 1)∑

i

∑
j

∑
k Vij(yijk − ˆ̃yi·· − ỹ·j· + ỹ···)2/(pqr − p− q + 1)
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which has a central F -distribution with (p − 1) and (pqr − p − q + 1) d.f. under HA

and a non-central F -distribution under H0A.
Likewise, the WANOVA F -test for HB is provided by,

F (V ) =
SSB(V )/(q − 1)

SSE(V )/(pqr − p− q + 1)

=
rp
∑

j V·j ỹ·j· − ỹ···)
2/(p− 1)∑

i

∑
j

∑
k Vij(yijk − ỹi·· − ỹ·j· + ỹ···)2/(pqr − p− q + 1)

which has a central F -distribution with (q − 1) and (pqr − p − q + 1) d.f. under
HB and a non-central F distribution under H0B. Since the variance components
are assumed to be known, to test HA, we can also define WANOVA- χ2 as follows:
χ2(V ) = SSA(V ) = r

∑
i

∑
j Vij(ỹi·· − ỹ···) which follows central χ2 with (p− 1) d.f.

To test HB, we can similarly define WANOVA as:

χ2(V ) = SSB(V ) = rp
∑

j V·j·(ỹ·j· − ỹ···)
2 which follows central χ2 with (q − 1) d.f.

Thus, the above test procedures are quite complete when and only when unequal
error variances are known. But in practice, the error variances are not known to
experimenters and hence the test statistic F (V ) and χ2(V ) which are a function of
σ2ij ’s are not of any use for practical applications. It is therefore clear that as error
variances are unequal and unknown neither classical ANOVA nor WANOVA can be
derived for practical uses. Of course, suitable studentized test criteria from such
WANOVA exact tests can provides us very useful test procedures for practical uses
when σ2ij ’s are unknown and unequal. This will be discussed in the following sections.

4 Estimation of Error Variances (σ2
ij)

As there are more than one observation per cell we can find Naive Unbiased Estimators
(NUE) of σ2ij ’s for which we consider

E

[
r∑

k=1

(yijk − yij·)
2

]
= E

[
r∑

k=1

(eijk − ēij·)
2

]
= (r − 1)σ2ij

So,

E

[
r∑

k=1

(yijk − yij·)
2 /(r − 1) = S2

ij (say)

]
(4)

which is unbiased estimator for σ2ij and clearly under normality assumption of yijk,

(r − 1)S2
ij/σ

2
ij follows exact χ2 distribution with (r − 1) d.f. and also such χ2’s are

independently distributed.
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5 Adjustment of the Test Statistics using Estimated Weights

WANOVA-χ2 or WANOVA-F test statistics involve actual weights, the reciprocals
of the error variances. If the estimators of error variances are used in place of
actual ones in these test statistics then bias will be introduced. It is difficult to
obtain the magnitudes of these biases analytically. But, since the estimators of
error variances are independent, bias of some order can be eliminated by adjust-
ing these statistics with the help of a theorem due to Meier (1953), stated as fol-
lows: If Xi, i = 1, 2, · · · , t are independently mean χ2 distributed random variables
with ni d.f. and R(X1, X2, · · · , Xt) is a rational function with no singularities for
0 < X1, X2, . . . , Xt <∞ then E[R(X1, X2, · · · , Xt)] can be expanded in an asymptotic
series in the (1/ni). In particular

E[R(X1, X2, · · · , Xt)] = R[1, · · · , 1] +
t∑

i=1

1

ni

[
∂2R

∂X2
i

]
+ 0×

(∑ 1

n2i
.

)
Here All Xi = 1. This theorem implies that the adjusted statistic

R[X1, X2, · · · , Xt]−
t∑

i=1

1

ni

[
∂2R

∂X2
i

]
1

ni
,

All Xi = 1 being free from terms of order
∑ 1

ni
, approximate the actual value,

R[1, · · · , 1] of the function more closely than R(X1, X2, · · · , Xt) itself.

To test HA and HB most desirable estimator of σ2ij is S2
ij of (4). Since

(r−1)S2
ij

σ2
ij

follows χ2 distribution with (r − 1) d.f. so
S2
ij

σ2
ij

= Xij (say) follows mean χ2 so that

S2
ij = Xijσ

2
ij . Now the estimated weight is V̂ij =

1
σ̂2
ij
= 1

S2
ij
= 1

Xijσ2
ij

for all i and j.

6 New Test Procedures for HA

SSA(V̂ ) = r
∑
i

V̂i·(ˆ̃yi·· − ˆ̃y···)
2

=
r
∑

i(
ˆ̃yi·· − ˆ̃y···)

2

xijσ2ij
+
∑
m̸=i

∑
l ̸=j

r

Xmlσ
2
ml

(ȳm·· − ˆ̃y···)
2 (5)

where, V̂ij =
1

Xijσ2
ij

Now, we have,

∂(ˆ̃y·j· − ˆ̃y···)
2

∂Xij
=

2(ˆ̃yi·· − ˆ̃y···)

X2
ijσ

2
ij

{
1

V̂i·
(ˆ̃yi·· − ȳij·) +

1

V̂··
(yij· − ˆ̃y···)

}
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and

∂(ȳm·· − ˆ̃y···)
2

∂Xij
=

2

X2
ijσ

2
ijV

(ȳm·· − ˆ̃y···)(ȳij· − ˆ̃y···)

Thus

∂

∂Xij

[
SSA(V̂ )

]
= − r

X2
ijσ

2
ij

(ˆ̃yi·· − ˆ̃y···)
2 +

2r(ˆ̃yi·· − ˆ̃y···)

X3
ijσ

4
ij

[
(ˆ̃yi·· − ȳij·)

V̂i·
+

(ȳij· − ˆ̃y)

V̂··

]

+
∑
m̸=i

∑
l ̸=j

2r(ˆ̄ym·· − ˆ̃y···)(ȳij· − ˆ̃y···)

Xmlσ
2
mlX

2
ijσ

2
ijV̂

(6)

Taking partial derivative of this again and putting Xi = 1 for all i and simplifying we
get,[
∂2(SSA(V̂ ))

∂X2
i

]
allXi=1

= −
4rV̂ 2

ij(
ˆ̃yi·· − ˆ̃y···)(ŷij· − ˆ̃y···)

V̂··
−

8rV̂ 2
ij(

ˆ̃yi·· − ȳij·)

V̂i·

+
4rV̂ 3

ij(
ˆ̃yi·· − ˆ̃y···)(ˆ̃yi·· − ȳij·)

V̂ 2
i·

+
4rV̂ 3

ij(
ˆ̃y − ȳij·)(yij· − ˆ̃y···)

V̂i·V̂··

+
4rV̂ 2

ij(ȳij· − ˆ̃y···)

V̂ 2
··

∑
i

∑
j

V̂ij(ˆ̃yi·· − ˆ̃y···)

−4rV̂ij(ȳij· − ˆ̃y···)

V̂··

∑
i

∑
j

V̂ij(ˆ̃yi·· − ˆ̃y···) + 2rV̂ij(ˆ̃yi·· − ˆ̃y···)
2

+
2rV̂ 3

ij(
ˆ̃yi·· − ȳij·)

2

V̂ 2
i·

+
2rV̂ 2

ij(ȳij· − ˆ̃y···)
2

V̂··
(7)

Hence, by the theorem of Meier (1953),

SSA(V̂ ) (adjusted) = r
∑
i

∑
j

V̂ij(ˆ̃yi·· − ˆ̃y···)−
∑
i

∑
j

[
4rV̂ 3

ij(
ˆ̃yi·· − ȳij·)(ȳij· − ˆ̃y···)

V̂i·V̂··

+
4rV̂ 3

ij(
ˆ̃yi·· − ȳ···)(ˆ̃yi·· − ȳij·)

V̂ 2
i·

−
4rV̂ 2

ij(
ˆ̃yi·· − ˆ̃y···)(ȳij· − ˆ̃y···)

V̂··

−
8rV̂ 2

ij(
ˆ̃yi·· − ˆ̃y···)(ˆ̃yi·· − ȳij·)

V̂i·
+ 2rV̂ij(ˆ̃yi·· − ȳ···)

2

+
4rV̂ 2

ij(ȳij· − ˆ̃y···)(ˆ̃yi·· − ˆ̃y···)pq

V̂··

(
V̂ij

V̂··
− 1

)
+

2rV̂ 3
ij(

ˆ̃yi·· − ȳij·)
2

V̂ 2
i·
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+
2rV̂ 2

ij(ȳij· − ˆ̃yij·)
2

V̂··
]/(r − 1)

= r
∑
i

∑
j

V̂ij [(ˆ̃yi·· − ˆ̃y···)
2 − 2

(r − 1)
{
2V̂ 2

ij(ȳij· − ˆ̃y···)(ˆ̃yi·· − ȳij·)

V̂i·V̂··

+
2V̂ 2

ij(
ˆ̃yi·· − ˆ̃y···)(ˆ̃yi·· − ȳij·)

V̂ 2
i·

− 2V̂ij(ˆ̃yi·· − ˆ̃y···)(ȳij· − ˆ̃y···)

V̂··

−4V̂ij(ˆ̃yi·· − ˆ̃y···)(ˆ̃yi·· − ȳij·)

V̂i·
+ (ˆ̃yi·· − ˆ̃y···)

2 +
V̂ 2
ij(

ˆ̃yi·· − ȳij·)
2

V̂i·

+
V̂ij(ȳij· − ˆ̃y···)

2

V̂··
+

2V̂ij(ȳij· − ˆ̃y···)(ỹi·· − ˆ̃y···)pq

V̂··
(
V̂ij

V̂··
− 1)}]

= χ2
1 (say) (8)

which follows approx. χ2 with (p− 1) d.f. following Talukder (1976). The approxima-
tion is being free from first order, that is, free from terms of order ( 1

r−1).

7 New Test Procedure for HB

The weighted treatment SS under HB using estimated weights is,

SSB(V̂ ) = r
∑
i

∑
j

V̂ij(ˆ̃y·j· − ˆ̃y···)
2

=
r(ˆ̃y·j· − ˆ̃y···)

2

Xijσ2ij
+
∑
m̸=i

∑
l ̸=j

r

Xmlσ
2
ml

(ȳ·l· − ˆ̃y···)
2 (9)

where, V̂ij =
1

Xijσ2
ij
.

Now, we have,

∂(ˆ̃y·j· − ˆ̃y···)
2

∂Xij
=

2(ˆ̃y·j· − ˆ̃y···)

X2
ijσ

2
ij

{
1

V̂·j
(ˆ̃y·j − ȳij·) +

1

V̂··
(yij· − ˆ̃y···)

}
and

∂(ȳ·l· − ˆ̃y···)
2

∂Xij
=

2

X2
ijσ

2
ijV̂

(ȳ·l· − ˆ̃y···)(ȳij· − ˆ̃y···).

Thus

∂

∂Xij

[
SSB(V̂ )

]
= − r

X2
ijσ

2
ij

(ˆ̃y·j· − ˆ̃y···)
2 +

2r(ˆ̃y − ˆ̃y···)

X3
ijσ

4
ij

[
(ˆ̃y·j· − ȳij·)

V̂·j
+

(ȳij· − ˆ̃y···)

V̂··

]
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+
∑
m̸=i

∑
l ̸=j

2r(ȳ·l· − ˆ̃y···)(ȳij· − ˆ̃y···)

Xmlσ
2
mlX

2
ijσ

2
ij V̂··

. (10)

Taking partial derivative of this again and putting Xij = 1 for all i and j and simpli-
fying we get,[
∂2(SSB(V̂ ))

∂X2
ij

]
allXi=1

= −
4rV̂ 2

ij(
ˆ̃y·j· − ˆ̃y···)(ȳij· − ˆ̃y···)

V̂··
−

8rV̂ 2
ij(

ˆ̃y·j· − ˆ̃y···)(ˆ̃y·j· − ȳij·)

V̂·j

+
4rV̂ 3

ij(
ˆ̃y·j· − ˆ̃y···)(ˆ̃y·j· − ȳij·)

V̂ 2
·j

+
4rV̂ 3

ij(
ˆ̃y·j· − ȳij·)(ȳij· − ˆ̃y···)

V̂·j V̂··

+
4rV̂ 2

ij(ȳij· − ˆ̃y···)

V̂ 2
··

∑
i

∑
j

V̂ij(ˆ̃y·j· − ˆ̃y···)

−4rV̂ij(ȳij· − ˆ̃y···)

V̂··

∑
i

∑
j

V̂ij(ˆ̃y·j· − ˆ̃y···) + 2rV̂ij(ˆ̃y·j· − ˆ̃y···)
2

+
2rV̂ 3

ij(
ˆ̃y·j· − ȳij·)

2

V̂ 2
·j

+
2rV̂ 2

ij(ȳij· − ˆ̃y···)
2

V̂··
. (11)

Hence, by the theorem of Meier (1953),

SSB(V̂ ) (adjusted) = r
∑
i

∑
j

V̂ij(ˆ̃y·j· − ˆ̃y···)
2 −

∑
i

∑
j

[
4rV̂ 3

ij(
ˆ̃y·j· − ȳij·)(ȳij· − ˆ̃y···)

V̂·j V̂··

+
4rV̂ 3

ij(
ˆ̃y·j· − ˆ̃y···)(ˆ̃y·j· − ȳij·)

V̂ 2
·j

−
4rV̂ 2

ij(
ˆ̃y·j· − ˆ̃y···)(ȳij· − ˆ̃y···)

V̂··

−
8rV̂ 2

ij(
ˆ̃y·j· − ˆ̃y···)(ˆ̃y·j· − ȳij·)

V̂·j
+ 2rV̂ij(ˆ̃y·j· − ˆ̃y···)

2

+
4rV̂ 2

ij(ȳij· − ˆ̃y···)(ˆ̃y·j· − ˆ̃y···)pq

V̂··

(
V̂ij

V̂··
− 1

)
+

2rV̂ 3
ij(

ˆ̃y·j· − ȳij·)
2

V̂ 2
·j

+
2rV̂ 2

ij(ȳij· − ˆ̃y···)
2

V̂··
]

1

(r − 1)

= r
∑
i

∑
j

V̂ij [(ˆ̃y·j· − ˆ̃y···)
2 − 2

(r − 1)
{
2V̂ 2

ij(
ˆ̃y·j· − ȳij·)(ȳij· − ˆ̃y···)

V̂·j V̂··

+
2V̂ 2

ij(
ˆ̃y·j· − ˆ̃y···)(ˆ̃y·j· − ȳij·)

V̂ 2
·j

−
2V̂ij(ˆ̃y·j· − ˆ̃y···)(ȳij· − ˆ̃y···)

V̂··
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−
4V̂ij(ˆ̃y·j· − ˆ̃y···)(ˆ̃y·j· − ȳij·)

V̂·j
+ (ˆ̃y·j· − ˆ̃y···)

2 +
V̂ 2
ij(

ˆ̃y·j· − ȳij·)
2

V̂ 2
·j

+
V̂ij(ȳij· − ˆ̃y···)

2

V̂··
+
V̂ij(ȳij· − ˆ̃y···)(ˆ̃y·j· − ˆ̃y···)pq

V̂··
(
V̂ij

V̂··
− 1)}]

= χ2
2 (say) (12)

which follows approx. χ2 with (q − 1) d.f. following Talukder (1976).

8 Alternative New Test Procedure for HA and HB

Here, the weighted error SS using estimated weights is,

SSE(V̂ ) =
∑
i

∑
j

∑
k

Vij(yijk − ˆ̃yi·· − ˆ̃y·j· + ˆ̃y···)
2

=
∑
i

∑
j

∑
k

(
1

Xijσ2ij

)
(yijk − ˆ̃yi·· − ˆ̃y·j· + ˆ̃y···)

2

∂

∂Xij

[
SSE(V̂ )

]
=
∑
k

[
2(yijk − ˆ̃yi·· − ˆ̃y·j· + ˆ̃y···)

X3
ijσ

4
ij{

(ȳij· − ˆ̃yi··)

V̂i·
+

(ȳij· − ˆ̃y)

V̂·j·
+

ˆ̃y − ȳij·

V̂··

}

+
∑
m̸=i

∑
l ̸=j

2(ˆ̃y··· − ȳij·)(ymlk − ȳm·· − ȳ·l· + ˆ̃y···)

Xmlσ
2
mlX

2
ijσ

2
ij V̂··

−
(yijk − ˆ̃yi·· − ˆ̃y·j· + ˆ̃y···)

2

X2
ijσ

2
ij

] (13)

Taking partial derivative of this again and putting Xij = 1 for all i and j and simpli-
fying we get,[

∂2(SSE(V̂ ))

∂X2
ij

]
allXij=1

=
∑
k

[2V 3
ij

{
(ȳij· − ˆ̃yi··)

V̂i·
+

(ȳij· − ˆ̃y·j·)

V̂·j
+

ˆ̃y··· − ȳij·

V̂··

}2

+4V̂ 3
ij

(
yijk − ˆ̃yi·· − ˆ̃y·j· + ˆ̃y···

)
{
(ȳij· − ˆ̃yi··)

V̂ 2
i·

+
(ȳij· − ˆ̃y·j·)

V̂ 2
·j

+
pq

V̂··

}
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−4V̂ 2
ij

(
yijk − ˆ̃yi·· − ˆ̃y·j· + ˆ̃y···

)
+

{
2(ȳij· − ˆ̃yi··)

V̂i·
+

2(ȳij· − ˆ̃y·j·)

V̂·j
+

(ˆ̃y··· − ȳij·)pq

V̂··

}
+2V̂ij

(
yijk − ˆ̃yi·· − ˆ̃y·j· + ˆ̃y···

)
+
2V̂ 2

ij(
ˆ̃y··· − ȳij·)

2

V̂··
(1− V̂ij

V̂··
)]. (14)

Hence by the theorem of Meier (1953)

SSE(V̂ ) (adj) =
∑
k

∑
i

∑
j

V̂ij

(
yijk − ˆ̃yi·· − ˆ̃y·j· + ˆ̃y···

)2
−
∑∑∑

[
2V̂ 3

ij

(r − 1)

{
(ȳij· − ˆ̃yi··)

V̂i·
+

(ȳij· − ˆ̃y·j·)

V̂·j
+

(ˆ̃y··· − ȳij·)

V̂··

}2

+4V̂ 3
ij

(
yijk − ˆ̃yi·· − ˆ̃y·j· + ˆ̃y···

){(ȳij· − ˆ̃yi··)

V̂ 2
i·

+
(ȳij· − ˆ̃y·j·)

V̂ 2
·j

+
pq

V̂ 2
··

}
−4V̂ 3

ij

(
ȳij· − ˆ̃yi·· − ˆ̃y·j· + ˆ̃y···

)
{
2(ȳij· − ˆ̃yi··)

V̂i·
+

2(ȳij· − ˆ̃y·j·)

V̂·j
+

(ˆ̃y··· − ȳij·)pq

V̂··

}

+2V̂ij

(
ȳij· − ˆ̃yi·· − ˆ̃y·j· + ˆ̃y···

)2
+

2V̂ 2
ij(

ˆ̃y··· − ȳij·)
2

V̂··
(1− V̂ij

V̂··
)]

= χ2
3 (say) (15)

which follows approx. χ2 with (pqr − p− q + 1) d.f. following Talukder (1976).
Now, from (8) and (15) we get,

F̂ (V̂ )(adj) =
(pqr − p− q + 1)χ2

1

(p− 1)χ2
3

with (p− 1) and (pqr− p− q+1) d.f. which is approximate F -distribution for testing
HA if error variances vary from cell to cell.

And from (15) and (12) we get,

F̂ (V̂ )(adj) =
(pqr − p− q + 1)χ2

2

(q − 1)χ2
3

with (q− 1) and (pqr− p− q+1) d.f. which is approximate F -distribution for testing
HB if error variances vary from cell to cell.

Thus, we can use adjusted χ2 as well as adjusted F test procedures for testing HA

or HB when error variances are unequal and unknown.
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9 Conclusion

The WANOVA-χ2 or F tests derived in this paper are complete if the error variances
(σ2ij ’s) are known. If σ2ij are unknown, the above WANOVA-χ2 or F -tests can not be
used for practical purposes. In such situation the adjusted test procedures developd
in this paper can be used for practical purpose.
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