International Journal of Statistical Sciences ISSN 1683-5603
Vol. 14, 2014, pp 17-28
© 2014 Dept. of Statistics, Univ. of Rajshahi, Bangladesh

Concomitants of Dual Generalized Order Statistics from
Farlie Gumbel Morgenstern Type Bivariate Gumbel
Distribution

Haseeb Athar and Nayabuddin
Department of Statistics € Operations Research
Aligarh Muslim University
Aligarh - 202002, India.

M. Almech Ali
Department of Statistics, Faculty of Sciences
King Abdulaziz University
Kingdom of Saudi Arabia.

[Received September 9, 2013; Revised April 15, 2015; Accepted August 3, 2015]

Abstract

Burkschat et al. (2003) introduced the concept of dual generalized order
statistics to enable a common approach to descendingly ordered random
variables like reverse order statistics and lower record values. In this pa-
per probability density function of single and the joint probability density
function of two concomitants of dual generalized order statistics from Far-
lie Gumbel Morgenstern type bivariate Gumbel distribution have been ob-
tained and expression for marginal and joint moments generating functions
are derived. Further, the results are deduced for reverse order statistics and
lower record values.
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1 Introduction

The Farlie Gumbel Morgenstern (FGM) family of bivariate distributions has found
extensive use in practice. This family is characterized by the specified marginal dis-
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tribution functions Fx(x) and Fy (y) of random variables X and Y respectively and
a parameter «, resulting in the bivariate distribution function (df) is given by

Fxy(z,y) = Fx(2)Fy (y)[1 + a(l = Fx(2))(1 = Fy(y))]. (1)

with the corresponding probability density function (pdf)

fxy(,y) = fx (@) fy ()L + a2Fx (x) = (1 = 2Fy (y))]. (2)

Here, fx(x) and fy(y) are the marginals of fxy(z,y). The parameter « is known
as the association parameter. The two random variables X and Y are independent
when « is zero. Such a model was originally introduced by Morgenstern (1956) and
investigated by Gumbel (1960) for exponential marginals. The general form in (1) is
due to Farlie (1960) and Johnson and Kotz (1975). The admissible range of association
parameter a is —1 < a < 1 and the Pearson correlation coefficient p between X and
Y can never exceed 1/3.

The conditional df and pdf of Y given X, are given by

Fyx(yle) = Fy (y)[1 + a1 = Fx(2))(1 = Fy (y))] 3)
and

frix(le) = fr ()1 + ol = 2Fx (2))(1 - 2Fy (y))] (4)
[c.f. Beg and Ahsanullah, 2007]

In this paper, we have considered FGM type bivariate Gumbel distribution with pdf

fla,y) =eTe e

T

e 1+a(l—2°")1—-2°"),

—o<T,y<oo,—1<a<l (5)
and corresponding df

F(z,y)=e¢ ¢ e ¢ '[I4+a(l—-27°")1-2°"),
—co<r,y<oo,—1<a<l (6)

Thus, the conditional pdf of Y given X is

—x

fiylz) =e e @ "1 +a(l —2e7¢ )1 —2e°"),

—o<z,y<oo,—-1<a<l (7)
and the marginal pdf and df of X are

fz)=e"e ", —oco<z<o0. (8)

Flz)=e®", —oo<z<o0. 9)
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respectively.

Kamps (1995) introduced the concept of generalized order statistics (gos). Using
the concept of gos, Burkschat et al. (2003) introduced the concept of dual generalized
order statistics (dgos) as follows:

Let X be a continuous random variables with df F(x) and pdf f(x), z € («a, ).
Further, Let n € N, k> 1, m = (m1,ma,...,m) € Rl M, = Z;‘;rl m; such
that ~v.=k+(n—r)+ M, >1 forall rel,2,..,n—1. Then X4(r,n,m,k) r=
1,2,...,n are called dgos if their pdf is given by

n—

k(ﬁ%) ( I [F()]™ (i) [F )] F () (10)
j=1 i=1

1=

on the cone F~Y(1) > 21 > 29 > ... >z, > F~1(0).

Ifmi=m=20,i=1,2,...,n—1, k = 1, then Xy(r,n,m,k) reduces to the (n —
r 4+ 1) — th reverse order statistics, X, _,+1., from the sample Xj, Xo,...,X,, and
when m = —1, then Xy(r,n,m, k) reduces to k — th lower record values.

The pdf of X4(r,n,m,k) is

FXarnmiky = -1 [F@)] " f(2)gp ' (F(x)) (11)

and joint pdf of X4(r,n,m,k) and X4(s,n,m,k),is 1 <r < s <n.

Fratrsmmio @) = Gy @™ @) gty (P(@)

X[l (F(y)) = b (F@)) T HE@ T f(y), a<a<y<p (12)

where

Cr1 = H% vi=k+ (n—1i)(m+1)
=1

1 m+1
S 1
hm(z) = mAl o m#

—logx , m=—1

and g (x) = hp(z)—hm (1), = € (0,1).

Let (X;,Y;),i = 1,2,...,n, be n pairs of independent random variables from some
bivariate population with df F(z,y). If we arrange the X — variates in descending
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order as X4(1,n,m, k) > X4(2,n,m, k) > ... > Xy4(n,n,m, k), then Y — variates paired
( not necessarily in descending order ) with these dgos are called the concomitants of
dgos and are denoted by Y1 nm ) Y2,nmk]s s Yinnmk]- Lhe pdf of Yjpnma, the
r — th concomitant dgos, is given as

Gl () = / FrixWle) Farmm (@) da (13)

and the joint pdf of Y., mi and Y pmpa 1 <7 <s<nis

00 1
Iir,smmok] (Y1, Y2) = / / fyixWilz1) fyix (Wal@2) fx,ismmk)(T1,2) doy drg
— —0o0

(14)
where fx, (rsnmk)(T) is the joint pdf of Xg(r,n,m,k) and X4(s,n,m,k) , 1 <17 <

s < n.

The most important use of concomitants arises in selection procedures when k < n
individuals are chosen on the basis of their X — values. Then the corresponding Y —
values represent performance on an associated characteristic. For example, X might
be the score of a candidate on a screening test and Y the score on a later test.

There are vast literature which deals with concomitants. An excellent review on con-
comitants of order statistics is given Bhattacharya (1984) and David and Nagaraja
(1998). Balasubramanian and Beg (1996, 1997, 1998) studied the concomitants for
bivariate exponential distribution of Marshall- Olkin, Morgesnstern type bivariate ex-
ponential distribution and Gumbel’s bivariate exponential distribution and gave the
recurrence relation between single and product moment of order statistics. Begum
and Khan (1997, 1998, 2000) studied the concomitants for Gumbel’s bivariate Weibull
distribution, bivariate Burr distribution, Marshall and Olkin bivariate Weibull distri-
bution and gave expression for single and product moment of order statistics. Ah-
sanullah and Beg (2006) studied the concomitants for Gumbel’s bivariate exponential
distribution and derived the recurrence relation between single and product moment
of generalized order statistics.

Here in this paper we have considered FGM type bivariate Gumbel distribution and
obtained pdf for r—th, 1 <r < n and the joint pdf of r—th and s—th, concomitants of
dgos. Also, moment generating function (mgf) and cumulant generating function(cg f)
are obtained and expressions for means, variances and covariances are derived.
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2 Probability Density Function of Y., ,, i

For the FGM type bivariate Gumbel distribution as given in (5), using (7) and (11)
n (13), the pdf of r —th concomitants of dgos Y., ) for m # —1 is given as

r—1\ _, _o-v
g[r,n,m,k}(y) = (?“ — 1 m +1 r—1 Z ( > ve

X /_Z e ” [e_e_m]%_i[l +a(l =27 )1 —2e7¢")|dz. (15)

Setting e=* =t in (15), we get

e S (Y el - )]
0

(r—=D!m+ 1)1 i Vr—i Yr—i  Yr—it1
(16)
r—1
_ CT—l —y _—e7 Y i r—1
RGeS AR L ()
1 1 2 o
* [ o e Ja—2e)]. ()
pross i (el i matn-—r+i g tn—r+u
r—1
Cr 1 —y _—e7Y fr—1 k
= —1) B(—— — 1
r—Dlm+1r° © ZZ:;( U [ (m+1+n T+, )

+a{B(mL+1+n—r+z',1) 23(%+n—r+z 1)}(1—256’?’)]. (18)

For real positive p, ¢ and a positive integer b, we have
’ b
502 (})Blat pc) = Boc+ ) (19)
a=0

Thus, using (19) in (18), we get

C?‘ 1 —y —e” Y k _ —
g[r,n,m,k](y) (7“ — 1) (m + 1) ¢ |:B<m +1 tn-r T)
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—|—a{B<mL+1 +n— r,r) — 2B<:1L+11 +n— r,r)}(l — 26767?!)]. (20)

After simplification, we get

i) (y) = ¢ Ve [1 ol - 2e—e’y){1 _9 ﬁ (1 n %)1}] (21)
i=1 ¢

Remark 2.1: Set m = 0,k = 1 in (21), to get the pdf of r — th concomitants of
reverse order statistics from FGM type bivariate Gumbel distribution as

2(n—r+1)H.

() = eV e_y[l 1—2e ¢ {1—
g[nfrJrl.n](y) € "€ +a( € ) n4+1

By replacing (n — 7+ 1) by r, we get the pdf of ordinary order statistics.

}(1 - 2e—e‘y)]

Remark 2.2: At m = —1 in (21), we get the pdf of r —th concomitants of k — th
lower record values from Farlie FGM type bivariate Gumbel distribution as

2r
n—+1

i) (y) = € Ve [1 + a{l -

g[r,n,—l,k](?/) — e Ve’ [1 + ol - Qe_e_y){l - 2(14;—-]7-1)1}}

3 Moment Generating Function of Y., ,, i

In this section,we derive the moment generating function (mgf) of Y}, ;, 4 for FGM
type bivariate Gumbel distribution by using the results of the previous section. In
view of (21), the mgf of Y}, ,, m 1 18 given as

oo

My pm i (t) = / e Ve [1 +a(l- 26_67?}){1 -2 ﬁ (1 + i) 71}] dy. (22)

—00 i=1 ’YZ

Let e7¥ = z in (22), then we have

T

- /oo 27071 = (1 a(l - 2075 {1 -2 (1+ i)_l}] dz  (23)

0 i=1 i
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:r(1—t)[1+a(1—2t){1—2ﬁ(1+i)_1}]. (24)
=1

Vi

Remark 3.1: Set m = 0,k = 1 in (24), to get the mgf of concomitants of reverse
order statistics from FGM type bivariate Gumbel distribution as

2n—r+1
Mip—yi1:n)(t) = T(1 =) {1 +a(l - Qt){l - %}]
Further, by replacing (n — r + 1) by r, we get the mgf of concomitants of ordinary
order statistics

Myp() = T(1 = 1)1 — a1~ 29{1 - n2+7" 1)

Remark 3.2: Setting m = —1 in (24), we get the mgf of concomitants of k —th lower
record values from FGM type bivariate Gumbel distribution as

Miyp—1g(t) =T(1 — 1) [1 tal— 2t){1 . 2(}%1)”

Remark 3.3: The cumulative generating function (cgf) of r —th dgos Y|, 5 m k) for
FGM type bivariate Gumbel distribution is

Kppmg(t) =10 T(1 =) +1n [1+a(1 - 2t){1 - Qﬁ (1 + Pyi)_l}]
i=1 ¢

Since, mean= E(Y[rnmk]> = pilr,n,m, k] = %K[r,n,m,k](t) att=0

and variance= po[r,n, m, k] = %K[nn,m,k](t) at t = 0.

Thus,
11 o] = a[22ﬁ1 (1 + 71)1 . 1} 2 — (1), (25)
it = a2 [12T] (16 ) 7] [reali2 [T (14 2) 7). 9

i=1 i=1

where, 1(z) = L InT(z) = L) P(1) = —y =~ 0.5772156649... is known as Eulers

T dx
constant.
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4 Joint Probability Density Function of Y}, ,, ,, ) and Y, 4]

For the FGM type bivariate Gumbel distribution as given in (5), using (7) and (12)
in (14), the joint pdf of r —th and s — th concomitants of dgos Y, .k and Y(s n m ]
for m # —1 is given as

Csfl
(r—D!(s—r—D(m+1)52

1 —ye —e~ Yl —e~ Y2
g[r,s,n,m,k](y1>y2) = e Ve V¢ e

r—1s—r—1

X Z Z (—1)it <?” ; 1) <5 — ;" — 1) /OO o (676_11)(s—r+i—j)(m+1)

=0 j=0 e
X [14a(l—2e7 ") (1 —2e7¢ "I(21,y)dey, (27)
where,
1 s—j —x -
I(w1,y2) = / e () T4 all =207 ) (1= 27 day. (28

By setting e™®2 =t in (28), we get

e_e_m57j)ml —e~ (Vs—j)z1 e—e_('YS*J"H)'Tl
(21, :[7—1—&( . )1—256‘”] 29
(@) = [ — ) ) e

Now putting the value of I(x1,y2) from (29) in (27), we obtain

g[r,s,n,m,k](yla y2) = e ¥ e W2e¢ e [1 + a? (1 — 26767”) (1 — 26767”)

x{1-2£{1 (1+%)_1 —2}2(1+%)_1+ 4H(1+%)_1}

caf (12 )+ (12 )2 [T (1+5) 0

5 Joint Moment Generating Function of two concomi-
tants Yv[r,n,m,k] and Yv[s,n,m,k‘]

Joint moment generating function of two concomitant Y'[r,n,m, k| and Y[s,n, m, k] is
given by

o o0
My s nmok)(t1,t2) = / / el1v1et2y2 Iir,s,m,m,k) (Y1, Y2) dyr dyz. (31)
— 0 —00
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In view of (30) and (31), we have

M[r,s,n,m,k] (tla t2)

[ee] [ee]
= / / et1y1€t2y2e—y1 6—1/26—6*?/1 6—6*92 [1 + a{ (1 . Qe—e*yl ) + (1 . 26—e*y2) }
—o00 J—00
S 1 1
f1—2T] (1+ ;) bra? (1-2e ) (1-2e7)
i=1 ¢

. 1\-1 > 1y-1 a 231
r—2T(1+ =) —2JT(+=) +4I1(1+2) }amd (32
=1 i i1 i i1 i
Let zy = e ¥, then

M[r,s,n,m,k] (tl ) t2)

oo
=T(1-1t) / el2y2 p—y2 o —e Y2 [1 + Oz{ (1 . 2t1> + (1 _ 26767?}2)}

o0

QeI et (o)1)
{1 —Qiﬁl (1+%)1 —2Zﬁl (1+%)1 + 41»11[1 (1+%)1}] dys. (33)

Setting zo = e7¥2 in (33) and simplifying, we have

My s mmp)(t1,t2) = T(1 —t1)0(1 — t2) [1 + a{ (1 — 2“) + (1 - 2t2>}
X{1—2Zf[1(1+%)_1}+a2 (1-22)(1-2")
><{1—2i1j1 (H%) _1—22'1j1 (1+%)_1+ 4}3 (1+%)_1}]. (34)

Remark 5.1: Set m = 0,k = 1 in (34), to get the joint mgf of two concomitants of
reverse order statistics from FGM type bivariate Gumbel distribution as

2(n—s—|—1)}

M vorner st ) = P- )1 (1220 (1-29) P 2=

o ()1 12 R e )
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Now replacing (n —r + 1) by s and (n — s+ 1) by r , we get the joint mgf of two
concomitants of ordinary order statistics

My g (t1,t2) = T(1 — t1)I(1 — t3) [1 _ a{ (1 _ 2t1> 4 (1 B 2t2>}{1 B nzjrﬂ 1}

ot (1-2)(1-2) - 2 - R )

Remark 5.2: Setting m = —1 in (34), we get the joint mgf of two concomitants of
k — th lower record values from FGM type bivariate Gumbel distribution as

Mivsn it t) =D =0 =) 1+ a{ (1-2) + (1-2) Hi-2(5) )

o ()2 ) () s () )

Remark 5.3: Joint cgf of two concomitant Y[r,n,m, k] and Y|[s,n,m, k| for FGM
type bivariate Gumbel distribution is given as

Kipsmmp(ti,t2) = In T(1—t1) + In I'(1 —t2)

+ i [1af(1-27)+ (1—2t2)}{1—2i1jl(1+%)_1}+a2 (1-2) (1-2")
x{1—2i11[1(1+%)1—2i1i[1(1+i)1+ 4ﬁ(1+%)1}}. (35)

Y Vi

Noting that,

d2
Cov [}/[r,n,m,kb Yv[s,n,m,k}} = WK[r,s,n,m,k} (tla t2) at t=0, t2 =0
Then we get
2 r 1\-1 5 1y -1
Cov |:Yv[r,n,m,k]v Yv[s,n,m,k]:| = (a In 2) |:{1 —2 H (1 + ;) -2 H (1 + ?>
i=1 ! i=1 !

+4Zﬁ1(1+%)1}—{1—2ﬁ(1+%)1}2] (36)
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