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Abstract

There is an impressive published literature on the statistical issue of as-
sessment of agreement among two or more raters involving both qualitative
and quantitative data. In this article we have focused only on the data
based on a continuous measurement. In such frameworks, there are several
usual approaches for evaluating agreement. Applied to data arising out of
a bivariate normal distribution (either naturally or under suitable trans-
formation(s)), Lin’s method (1989) was further pursued in Yimprayoon et
al. (2006) as a multi-parameter testing problem involving the means, vari-
ances and the correlation coefficient of the two measurement distributions.
Specifically, it was posed as one of testing the composite null hypothesis
Ho: py = py, 02 = 0y and p > pq [close to 1]. This formulation corresponds
to what is referred to as perfect agreement scenario when p=1 and this is
too much to expect in real life situations. In this study, we have developed
large sample likelihood ratio test [LRT] for a more meaningful hypothesis
of the form Ho : |pz — pty| > €0, Z—T/ or Z—T’ > no, p < po where g is close
to zero and 7 and pg are close to unity - all are assumed to be specified.
We evaluate the performance of the test when X and Y do not agree at the
desired levels of g¢, 79 and pg.
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1 Introduction

Measurements of agreement are needed to assess the acceptability of new or generic
process, methodology, and formulation in both science and non-science fields of lab-
oratory performance, instrument or assay validation, method comparisons, statistical
process control, goodness of fit, and individual bioequivalence. For example, the agree-
ment of laboratory measurements collected in various laboratories, the agreement of a
newly developed method with gold standard method, the agreement of manufacturing
process measurements with specifications, the agreement of observed values with pre-
dicted values, and the agreement in bioavailability of a new or generic formulation with
a commonly used formulation. By the way, measuring agreement has been used very
often to designate the level of agreement between different data-generating sources
referred to as observers or raters. A rater could be a chemist, a psychologist, a radi-
ologist, a clinician, a nurse, a rating system, a diagnosis, a treatment, an instrument,
a method, a process, a technique or a formula.

Evaluation of agreement has received considerable attention in the literature more
than one and a half centuries ago. Cohen (1960, 1968) discussed this problem in the
context of categorical data. Bland and Altman (1986) proposed a simple and meaning-
ful graphical approach for assessing the agreement between two clinical measurements.
In a series of articles, Lin (1989, 1992, 1997, 2000) and Lin and Torbeck (1998) exam-
ined this problem critically in the framework of method reproducibility and suggested
a few measures and studied their properties. In the context of bioequivalence, similar
studies have been reported by Anderson and Hauck (1990), Sheiner (1992), Holder
and Hsuan (1993), Schall and Luus (1993), Schall (1995), Schall and Williams (1996),
and Lin (2000). In the context of goodness of fit, Vonesh, Chinchilli, and Pu (1996)
and Vonesh and Chinchilli (1997) have modified Lin’s approach for choosing models
that have better agreement between the observed and the predicted values. A com-
prehensive account of the methods for studying intra- and inter-rater agreements is
available in the latest book in this area by Lin et al. (2012).

In this article, we have focused only on the data for two competing raters measured
on a continuous scale. There are several usual approaches for evaluating agreement
for such paired data such as Pearson correlation coefficient, regression analysis, paired
t-tests, least squares analysis for slope and intercept, within-subject coefficient of vari-
ation, and intra-class correlation coefficient. The concordance correlation coefficient
(CCC) was first proposed by Lin (1989) for assessment of agreement in continuous
data. It represents a breakthrough in assessing agreement between two distinct meth-
ods for continuous data in that it appears to avoid all the shortcomings associated
with usual approaches in some situations. In short, Lin (1989) expresses the degree of
concordance between two variables X and Y by the mean of their squared difference
(MSD), E(X-Y)? , and defines the CCC as

E(Y-X)2 204,
EIndep (Y'X)2 J% + Jg% + (:ULB - :Uy)2

Pc = (1)
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where Epngep(.) represents expectation under the assumption of independence of X
and Y, p,=E(X), py =E(Y), 02 =Var(X), oj=Var(Y), and 0,y=Cov(X,Y)=po.0,.
Lin (1989) estimates this CCC with data by substituting the sample moments of an
independent bivariate sample into above formula to compute the sample counterpart of
CCC (r.). The CCC translates the MSD into a correlation coefficient that measures
the agreement along the identity line. It has the properties of a CCC in that it
ranges between -1 and +1, with -1 indicating perfect reversed agreement (Y=-—X), 0
indicating no agreement, and +1 indicating perfect agreement (Y=X). Lin et al. (2002)
gave a review and comparison of various measures, including the CCC, of developments
in this field by comparing the powers of the tests: 1) pu, = py, 2) 0 = oy, and 3)
p = po, where pg is a given value. Their calculation is illustrated using a real data
example. This work was further extended in Hedayat et al. (2009) involving multiple
raters. In another direction, Yimprayoon et al. (2006) extended the work of Lin et al.
(2002) by combining the problems of testing for p, = p,, 0, = oy, and p > pg into
one overall testing problem under bivariate normal set-up and then they presented the
result based on simulation study. In this article, we have revisited this testing problem
and tried to reformulate an appropriate hypothesis by considering probability of the
absolute value of X-Y (=D) less than the fixed boundary, x under bivariate normal
set-up. Moreover, we try to find out the appropriate test statistics for this combined
testing problem.

2 Construction of Hypothesis

An intuitively clear measurement of agreement is a measure that captures a large pro-
portion of data within a predetermined boundary from target values. In other words,
we want the probability of the absolute value of D=Y—X less than the boundary, &,
to be large. This probability is termed in literature as coverage probability (CP) (cf.
Lin et al. (2002)) and it is defined as

CP(x) = P[ID| < x], (2)

where X and Y denote random variables representing paired observations for assessing
the agreement. We assume that X and Y have a bivariate normal distribution with
means p, and fi,, variances o2 and 027 correlation coefficient p and the covariance of
X and Y is 05y = poyo,. We denote this by

(v )=l () Gy 7)) g

where —oo < pig, py <00, 0g, 0y >0, —1<p<1
Under this normality assumption, (2) is reduced to

CP(k) = P[|D| < ] :@(”_“d) —@<M), (4)

0d 0d
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where, g = iy — pto and 03 = op + 03 — 2p0,0y = 0, (1 + > — 2pt) and t = Z=

At this stage, we have crltlcally studied the behav1our of CP for fixed K = 0 1 for
varying t (=0.8, 0.85, 0.9, 0.95, 1.00, 1.10, 1.15, 1.20, 1.25), ug (=0, 0.01, 0.05, 0.07,
0.08), 05 (=0.01, 0.05, 0.10, 0.50, 1.00) and p (=0.8, 0.9).

Figure 1: t vs CP(0, 1)
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From Figure 1, it has been observed that CP(0.1) is greater than 0.6 when 0.8 <
t < 1.10, pg=0, 0.01, 0.05, 0.07, 0.08 and 05 = 0.01. Therefore from the above
observations, it can be concluded that CP for given s is reasonably satisfactory for
|tz — py| < €0, 17% < Z—Z <o, p = po, where g, 19 > 0 are suitably chosen in advance,
being close to 0 and 1 respectively.

Therefore, a more appropriate and plausible null hypothesis can be formulated as

(o2 g
Ho @ |pe — py] > €0, — or =% >mo, p < po (5)
Oy o

where gg is close to zero and 19 and py are close to unity - all are assumed to be
specified. We evaluate the performance of the test when X and Y do not agree at
the desired levels of gg, 79 and pg. We offer below a solution based on the Likelihood
Ratio Test under a bivariate normal set-up. It may be noted that in agreement studies
involving two raters, the primary goal of an experimenter is to offer a test procedure
which points towards the agreement in a logical sense. That is why, the formulation
in Lin et al. (2002) was generalized in Yimprayoon et al. (2006) and that is further
generalized in the above. Following Lin et al. (2002), we notice that when there is a
disagreement between the two marginal distributions, the source is defined as constant
and/or scale “shift”, or lack of “accuracy”. When there is a disagreement due to large
within-sample variation, the source is defined as lack of “precision”. The alternative
to Hy formulated above addresses both these issues.

Since the density function for bivariate normal distribution belongs to monotone
likelihood ratio family, the testing of composite null hypothesis (5) will be the same



Dutta and Sinha: Assessment of Agreement 7

as testing the union of following four composite hypotheses:

6
7

Hoi: pe = 1, pty = p+ €0, 0x =0, 0y = N0, P = Po (
Hoo : po = p, py = p+ &9, 0z =0, Oy =00 P =0 (
(8
(9

HO3 DMy = My Ry = —EQy, O = 0, Oy = 070, P = P0
g
HO4: My = [y Uy = b — EQ, Og = O, Uy:%a P = po-

)
)
)
)
It may be noted that the four composite hypotheses stated above point to the four
directions of disagreement. Clearly, in working out the over-all likelihood under the
union of these four component hypotheses, we will be guided by the five statistics

n n
based on n paired observations and these are £ = % E Ti, Y = % E Yis Szz =
i=1 i=1

n n n

Z(xz - 53)27 Syy = Z(?/z - Q)Qu Sey = 2(331 —2)(yi — ¥)-

i=1 =1 =1

3 Derivation of Test Procedures

The likelihood function can be written as

1 1 " Ti — Mg 2
L(ug, try, 02,04, p|data) = exp[—i {(
(M poys Ty Ty P ) 1_p2)n 2(1—p2); Og

(2moL0oy
2
_2p<:ci—ua:>(yi—uy>+<yi—uy> H
Oy Oy oy

Our approach will be to work out maximum of the likelihood under each of the
four hypotheses stated above and then to compute the largest of the four expressions,
so derived, to finally arrive at the numerator of the LRT. We assume without any loss
of generality that €9 > 0, 19 > 1. Next note that the domain of variation of the four
statistics viz., Z,7, Sz (= V/Szz), Sy (= \/Syy) can be logically partitioned as : D1 :
[Z > §;5; > Syl D2 : [ > 438, < Sy; D3 : [ < g; Sy > Syi D4 : [T < 7§55, < Syl
These will presumably provide largest of the four likelihoods in a logical and expected
manner. Under the assumption of €9 > 0, 19 > 1, it should turn out that D4 favors
Hyi1, D3 favors Hgpo, D2 favors Hpg and D1 favors Hgy. This is readily verified to be
true. Details are shown in the Appendix.

We use the statistic A} from the LRT defined by

(10)

max Ly, Hy; Oz, Oy, pldata)
01

(S}
A\ = , 11
m(g‘XL(MI7,U’y70-CC70-y7p|data) ( )
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where © = (ptz, py, 0z, 0y, p) and Og = (1, 0).

We reject the composite hypotheses if
A1 < dj. (12)
To evaluate IgaxL(ux, [y, Oz, 0y, pldata) it can be easily shown that when we confine
01

to the domain D4, maximum likelihood estimators of u and ¢ are as follows:

f=az + (1 —a)y*, (13)

-~ Q)
02 = M7 (14)

where
y_* = g — &0, (15)
o no(nok— Po)’ (16)
k=141 —2pomo (17)
Q(u) = Q1 (1) + Qq (18)
Qi) = nl(@ — 1) — 227 — W) — 1) + (7 — w?), (19)
Tlo o
1

Qy = Suw — Q%Sw n n—gsyy. (20)

Substituting the above estimators, we get

n\/l—pg

1o

S ) ew-ma @ e

Likewise, for all other domains, maximum of the likelihood has been displayed in the
Appendix.

—
—

To find m@axL(ux,,uy,Ux,ay,p|data), it is well known that ﬁ\; = I, [y = 7, ;2 =

—

—

S.rz
n

S =X S . . . . .
o2 =2 p=%_ =y where r is sample correlation coefficient, which gives
) Y ) SzzSyy ) )

n

n"exp(—n)

(, /SeaSyy — s§y> n(%)n'

Hence in case of domain D4, \; is obtained as

(2 1—p3)”< Q; )”
Al‘( o SRE (23)

m@aX L(,foauyu O'x70'y,p|data) = (22)
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where

Q3 = SuuSyy — S, (24)

Now we have seen that under Hoq,

where Eiy,, (z — §*) = 0 and Vary,, (7 — 5*) = 2L,
Again
Qi () = nki (7 - 7)?, (26)
where 9
kl:(l_gay+%ﬂ@%%t&£, (27)
0

It is also known that ( vo Say ) ~ W(X, n — 1) where W represents Wishart

S
Sey  Syy

e o2 pogoy .
distribution and ¥ = 9 . It is also known that E(S;;)=(n-1)o;;
pooy Oy,
and Cov(S;j, S )—(n—l)(azkaﬂ + 040j1). Hence under Hyy, E(Qq)=2(n-1)0%(1 — p?),

E(Q3)=(n-1)(n-2)0*ng (1 - pj) and
Q. 2V1Z0 (28)
Q5 1o

Likewise, combining all the domains, we find that the test depends on the two sample
means only through the absolute value of their difference. Hence, under the union of
the component hypotheses,

m 2,/1— P2
lim Py < dj] = lim P[Ty > di] = lim P[Ql(’ﬂ) >d 7”0}
n—00 n—00 (Q5)2 Mo
1
[ T —y* 2\/1—p2\ 2
:ﬂmpi@24>@___ﬂ>}
noee L (Q))r o

- _ * — 2 a
= lim P ‘/ﬁ‘i_gf‘><dl o >2}
n—oo | (k‘2Q§)Z

: V] 3 2\ 1 dy — 0 2
= lim P|——— > pn2(1— — T
T (vt 7 T

. I 1 1 1= 2
— tim P[] > w1 - (S ) |

n—00
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(29)
_VnE—y") y2v2 Q3 __V
where V= v VivV3 = TR (=) T = Ry
and
V~N(0,1), Vi~ x2 ,, Vi~ x2 junder Hy (30)
and V, V; and V3 are independently distributed.
3.1 Limiting distribution of T
The joint distribution of (V, V2, V2) is
2 2 27
f(v,vf,v%) = I’(”T_I)I‘(”T_Q)F(%)Tl*l exp_— W ?_31)3_4; —o0o < v < oo, vi,ve > 0.
(31)
The joint distribution of (V, V1, V3) is
1 r 2 2 27 o
f(U,Ul,UQ): F(nT—l)F(nT—Q)F(%)Qn73 eXp__% IZ 27}2 3; —00 < v <00, U17U2>O.
(32)
Transform (V, Vi, Vo)— (R,01,02), where
v = Rcos b
v1 = Rsin 6 cos 6y
vngsinﬁlsinﬁg; 0<91<7T, 0<92<g.
The Jacobian of the transformation is
cos 64 sin 6 cos 69 sin 64 sin 65
g(;ﬂi%?) —| —Rsinf; Rcosf;cosfy Rcoshsinby | = R?sinb; (33)
(R, 01,02) 0 —Rsinfsinfly R sin 6 cos Oy
and
v? + v +v5 = R2 (34)
Therefore the joint distribution of (R, 61, 62) is
f(Ru 017 92) = F(HT_l)F(nT_lQ)F(%)Q”73 eXp |: - RTQ:| RQn_g(Sin 01)2n_4(Sin 02)n_3(COS 92)7’1—2;

R>0,0<6, <m, 0<02<g. (35)

We have seen from Expression (35) that R, 61,6, are independent.
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The joint distribution of (61, 62)

0102 = gy (0 0 02" eos)
0<91<7r,0<92<g. (36)
Transform (61, 62)— (T, 6),
—coth . _ 5 <t < 0.

where ¢ = v/sin 0 cos 03’

Jacobian of transformation is,

001 +/sinf3cos Oy

Ot 1+ t2sinfycosby’

Therefore the joint distribution of (T, 65) is

5 3
. 2 (sinf2)" " 2 (cos §2)" " 2
f(t>92) - B(n—%,%)B(nT_Q,"T_l) (1+t§ sin 6 cosz‘)z)"—1
2 = (—(n—l)) 9 5 i3
_ — ") 23 (sin )92 cos ). (37)
IRk P

) >/ (n—1 (5 . .
Z( (n )>t2j/2(sin(‘)g)”ﬂ_%(cos92)”‘”_%(192

ft) = 5
B(n_%a%)B(nTanTl) =0 J 0
_ 1 = (—(n—1) n+j—3 n+j—3 9
- 31 n—2 n—1 Z ; B ’ t
B(n—§>§)B(T>T)j:0 J 2 2
1 (1) j—2)! +j-3 n+j-1
— — — Z( .') t?j(n‘i“y ')B<n J 2777/ J 2>. (38)
B(n —35,9)B("% 7)== J (n=2) 2 2

Now we recall Stirling’s approximation

Q:xféyy*%
B(z,y) ~ V2r—————— for large x and y;
(2 +y)tv3

B(z,y) ~T'(y)x™¥ for large x but y is fixed;

nl ~ V2"t exp(—n).
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_Ve2m(n+j—

2)"H =243 exp(—(n +j — 2))
V2 (n — 2)"" 23 exp(—(n — 2))

1 1
1 %)7*7(17%)%*7
—2 —
n"TJFT*%u_%)nf?
Nl WXGXP(J i e 7)Xn"“ §
exp(j)n’™ 2 exp(—j) x 2
N "8 xexp(j—1)
~ - :
n ——
VA g e ()
7 exp(=3)
vn n’

NeoE

Here we use this fact

n
lim <1 + E) = exp(a).
n—00 n

Therefore the limiting distribution of T is

-2 L

Jj=0
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n n 2
= \/LZ—Wexp(—%)-
).

Hence under Hyp, /nT -2 N(0, 1

4 Computation of the cut-off points in small samples

In this section we briefly illustrate computation of di when the sample size n is small.
Let, under Hgy,

P[IT| > t] = « (39)
that is -
/ /2 F(T,05)d02dT =1 — (40)
—tJO
where,
2 (sin 65)"~3 (cos )" 2
S1n U9 COS U9
T,6,) = 41
ST 02) B(n— 3, HB(%52,2%52) © (1 + T?sin 6 cos )"~} (41)
2y/1-pg 2
1 1 dl_ 2
t= 21—24<7’70 > 42
?70( pO) klk ( )
Let -
[= / / * (T, 02)dbdT. (43)
—tJ0O

Here we use Monte Carlo integration to find I. For this, we generate separately s
independent uniform random variables Ty, Ts,...,Ts on the interval [—¢, t] and s inde-

pendent uniform random variables 621, 692, ..., 02, on the interval [0, §] and compute
N 7'['t S S
= yzz.}”(Tiﬁm)- (44)
i=1 j=1

Step 1: First we find initial value tg of ¢ by trial and error method such that I~ 1 —q,
for given «. R

Step 2: Compute I for ¢; where t; =tg+di, i =1,2,...,1

Step 3: Repeat Step 2 based on 100 simulations.

Step 4: Repeat Steps 1 through 4 using pp = 0.7, 0.8, 0.9, o = 0.8, 1, 1.25 and
n=>5, 10, 15, 20, 100.

Step 5: Find values of d; for the level a=1%, 5%.

The simulated cut-off points are shown in Table 1 for s = 1000, [ = 100, d = 0.0001.
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Table 1: Cut-off points
a = 0.05 a=0.01
M | po | n T di M | po | n T di
5 | 1.3717 | 3.464986 5 | 2.3554 | 6.737857
10 | 0.7554 | 2.294746 10 | 1.3633 | 3.444478
0.7 1 15 | 0.5622 | 2.067505 0.7 | 15 | 0.7307 | 2.261978
20 | 0.4755 | 1.987192 20 | 0.6871 | 2.206796
100 | 0.1950 | 1.819301 100 | 0.4873 | 1.997334
5 | 1.3717 | 2.911171 5 | 2.3554 | 5.660932
10 | 0.7554 | 1.927972 10 | 1.3633 | 2.893940
0.8 [ 0.8 15 | 0.5622 | 1.737052 0.8 | 0.8 | 15 | 0.7307 | 1.900442
20 | 0.4755 | 1.669575 20 | 0.6871 | 1.854080
100 | 0.1950 | 1.528519 100 | 0.4873 | 1.678096
5 | 1.3717 | 2.114916 5 | 2.3554 | 4.112572
10 | 0.7554 | 1.400639 10 | 1.3633 | 2.102399
0.9 15 | 0.5622 | 1.261939 0.9 15 | 0.7307 | 1.380639
20 | 0.4755 | 1.212918 20 | 0.6871 | 1.346958
100 | 0.1950 | 1.110443 100 | 0.4873 | 1.219108
5 | 1.3717 | 2.771989 5 | 2.3554 | 5.390285
10 | 0.7554 | 1.835796 10 | 1.3633 | 2.755582
0.7 ] 15 | 0.5622 | 1.654004 0.7 1 15 | 0.7307 | 1.809583
20 | 0.4755 | 1.5897536 20 | 0.6871 | 1.765437
100 | 0.1950 | 1.4554410 100 | 0.4873 | 1.5978670
5 | 1.3717 | 2.328937 5 | 2.3554 | 4.528745
10 | 0.7554 | 1.542377 10 | 1.3633 | 2.315152
1 108 | 15 | 0.5622 | 1.389641 1 (08| 15 | 0.7307 | 1.520353
20 | 0.4755 | 1.3356601 20 | 0.6871 | 1.483264
100 | 0.1950 | 1.2228150 100 | 0.4873 | 1.3424768
5 | 1.3717 | 1.691933 5 | 2.3554 | 3.290057
10 | 0.7554 | 1.120511 10 | 1.3633 | 1.681919
0.9 | 15 | 0.5622 | 1.009551 0.9 | 15 | 0.7307 | 1.104511
20 | 0.4755 | 0.9703346 20 | 0.6871 | 1.077566
100 | 0.1950 | 0.8883545 100 | 0.4873 | 0.9752868
5 | 1.3717 | 2.217591 5 | 2.3554 | 4.312228
10 | 0.7554 | 1.468637 10 | 1.3633 | 2.204466
0.7 | 15 | 0.5622 | 1.3232032 0.7 1 15 | 0.7307 | 1.447666
20 | 0.4755 | 1.2718028 20 | 0.6871 | 1.412350
100 | 0.1950 | 1.1643528 100 | 0.4873 | 1.2782936
5 | 1.3717 | 1.863149 5 | 2.3554 | 3.622996
10 | 0.7554 | 1.233902 10 | 1.3633 | 1.852122
1.25 1 0.8 | 15 | 0.5622 | 1.1117130 1.25 | 0.8 | 15 | 0.7307 | 1.216283
20 | 0.4755 | 1.0685281 20 | 0.6871 | 1.186611
100 | 0.1950 | 0.9782520 100 | 0.4873 | 1.0739814
5 | 1.3717 | 1.353547 5 | 2.3554 | 2.632046
10 | 0.7554 | 0.896409 10 | 1.3633 | 1.345535
0.9 | 15 | 0.5622 | 0.8076408 0.9 15 | 0.7307 | 0.883609
20 | 0.4755 | 0.7762677 20 | 0.6871 | 0.862053
100 | 0.1950 | 0.7106836 100 | 0.4873 | 0.7802294
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5 Derivation of cut-off points for large sample size
In this section we discuss the derivation of cut-off points for large sample size. The cut-
off points under normal approximation are shown in Table 2 for n = 15, 20, 100, 7y =

0.8, 1, 1.25, py = 0.7, 0.8, 0.9.

Table 2: Cut-off points under normality approximation

a=0.05 a=0.01
n Ta/2 m | Po dy n Ta/2 m | Po d
0.7 | 1.811681 0.7 | 1.800598
0.8 | 0.8 | 1.522116 0.8 | 0.8 | 1.512805
0.9 | 1.105792 0.9 | 1.099027
0.7 | 1.4493446 0.7 | 1.4404784
15 | 2.575829 1 0.8 | 1.2176931 15 | 1.959964 1 0.8 | 1.2102439
0.9 | 0.8846335 0.9 | 0.8792218
0.7 | 1.1594757 0.7 | 1.1523827
1.25 | 0.8 | 0.9741544 1.25 | 0.8 | 0.9681951
0.9 | 0.7077068 0.9 | 0.7033774
0.7 | 1.800164 0.7 | 1.793930
0.8 | 0.8 | 1.512440 0.8 | 0.8 | 1.507203
0.9 | 1.098762 0.9 | 1.094957
0.7 | 1.440131 0.7 | 1.4351441
20 | 2.575829 1 0.8 | 1.209952 20 | 1.959964 1 0.8 | 1.2057622
0.9 | 0.879010 0.9 | 0.8759659
0.7 | 1.1521051 0.7 | 1.1481152
1.25 | 0.8 | 0.9679619 1.25 | 0.8 | 0.9646098
0.9 | 0.7032080 0.9 | 0.7007727
0.7 | 1.844585 0.7 | 1.819649
0.8 | 0.8 | 1.549762 0.8 | 0.8 | 1.528811
0.9 | 1.125876 0.9 | 1.110655
0.7 | 1.4756683 0.7 | 1.4557192
100 | 2.575829 1 0.8 | 1.2398094 100 | 1.959964 1 0.8 | 1.2230488
0.9 | 0.9007006 0.9 | 0.8885243
0.7 | 1.1805347 0.7 | 1.1645754
1.25 | 0.8 | 0.9918475 1.25 | 0.8 | 0.9784390
0.9 | 0.7205605 0.9 | 0.7108195
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APPENDIX

Four hypotheses:

1. Ho : plo = py py = p+ €0, 05 =0, 0y =00, p=po

2. HOQ:M:D:M? /.Ly:,l.t—|—6(), Ox = O, Uy:%7 P = po

3. Hos : g = p, py = pp — €0, 0z = 0, Oy = Mo, p = pPo

4 Hoa @ po = 1, fly = b = €0, Op =0, Oy = 5, = 0

and respective maximum likelihoods
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ny/(1-03) \ "
1. maxy,, L = (T()) exp(—n)Q " (im,, ) = L1, say
n \/Zlf 2) "
2. maxy,, L = (M) eXp(_n)Q_n(ﬁHoz) = Lo, say
ny/(1-p3) \"
3. s L= () exp()Q ") = L say

1-2)\ " —n~
4. maxy,, L = (M) exp(—n)Q " (1, ) = La, say

where L is likelihood function and Q(i) = Q; (i) + Q,.

~ . P0,_ -~ _ ~ 1 -
Ql(:uHm) =n |:($ - :uH01)2 - 2%(‘% - NH01)(y — €0 — NH01) + F(y — €0 — :uH(n)2
0

70 (170 —p0)
1+n2—2pono

Let, K1 = n(ZT — 7 + €g)? ((1 —a)? +22—8(1 —a)a+ %) > 0 when 79 > 1.

. ~ ~ ~ T 2
Therefore we can write Qq (i, ) = K1, Qi (limy,) = m6 K1, Qq(fings) = %Kl,

where [ig,, = aZ + (1 —a)(y — €0), a =

~ ol 2
Ql(:uHm) = %U@Kl-
We start with an assumption: ¢g > 0, 79 > 1.

Observation 1:

1. Ifz > Y then Ql (ﬁH(n) > Ql(ﬁHoza) and Ql(ﬁHOQ) > Ql(ﬁHOAL);

2. Itz < Y then Ql (ﬁH(n) < Ql(ﬁHoza) and Ql(ﬁHOQ) < Ql(ﬁH04)'

Let Ty = Sy — 2805, + %Syy and Ty = %Sm — 2828, + Syy.
Now Ty — Ty = (1 — %)(Syy — Suz)
Observation 2:

1. If Syy > Sgz and 19 > 1 then Ty > Ty

2. If Syy < Sz and ng > 1 then Ty < Ty .

We observe that Qg 1, = Qo 1y = T1 and Qo gy, = Qo = ngTa.
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Observation 3:
1. If z > ¥y, then from observation 1, we conclude that L; < Lz and Ly < Ly;

2. If T <7, then from observation 1, we conclude that L; > L3 and Lo > Ly4.

L3_<Kf+T2>"_<1+T2—T1)"
Ly \K{+Ty) Ki+T) "’

where K} = Kl%.

Now consider

Observation 4:
1. If Syy > Szz and g > 1 then Lz > Ly;
2. If Syy < Sz and np > 1 then Ly < Ly.
Statement 1:

1. When D1: 7 > %; S; > Sy holds, and ¢g > 0, 19 > 1 from Observation 3 and
Observation 4, we conclude that Ly > Ly, Lo , Ls;

2. When D2: T > 7; S; < Sy, and ¢¢ > 0, g > 1 from Observation 3 and
Observation 4, we conclude that Lg > Ly, Lg , Ly.

Ly (K +Ty\" 1+T2—T1 "
Lo \Ki+T:.) Ki+T,) °

Now consider

Observation 5:
1. If Syy > Sz and ng > 1 then Ly > Lo;
2. If Syy < Sz and np > 1 then Ly < Lo.
Statement 2:

1. When D3: 7 < ¥; S; > Sy, and ¢¢ > 0, 19 > 1 from Observation 3 and
Observation 5, we conclude that Lo > Ly, Ls , Ly;

2. When D4: = < ¥y; S < Sy, and ¢¢ > 0, np > 1 from Observation 3 and
Observation 5, we conclude that Ly > Lo, L3, Ly.

Conclusion: Statements 1 and 2 can be made without any further condition on the
4 statistics i.e. T, Y, Sz, Sy



