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Abstract

The stem and leaf plot is a combined tabular and graphical display. A fre-
quency distribution can easily be constructed from stem and leaf display by
counting the leaves belonging to each stem noting that each stem defines a
class interval. The purpose of the present study is to develop some comput-
ing formulae of different statistics for stem and leaf display so that the data
set could be displayed and analyzed in grouping format without loosing
any information. We have proposed some formulae to compute different
raw moments, established relationship between raw and central moments
and verified their properties as per frequency data.
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1 Introduction

Stem and leaf display are widely used by researchers (Tukey, 1977: Walpole, 1983;
Danial, 1995, Islam, 2001, Islam at el. (2008)). An advantage of the stem and leaf
display over the histogram is that this process is an easy and quick way of displaying
ungrouped data in a grouped format, which is constructed during the tallying process.
To calculate the value of any statistic from grouped data we loss some information
as the operation depends only on the mid-value of the class interval (Gupta and
Kapoor, 1994; Kapur and Saxena, 1986; Goel, Prakash and Lal, 1991; and Islam,
2001). Thus some researchers used Sheppard’s correction to reduced deficiency of
information loosing for moments. But it is not possible to remove deficiency completely
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by Sheppard’s correction which is applied under certain restrictions (Weatherburn,
1986; Goel, Prakash and Lal, 1991 and Gupta and Kapoor, 1994). Daniel (1995)
pointed out that, stem and leaf enables to represent the whole data set in a grouping
manner and helps to compute the statistic (median, percentile, deciles, mode, etc.)
with exact precision without loosing any information. Rahman, et al. (2004) has
developed computing formulae for the mean, variance, central moments, skewness,
kurtosis, etc. for stem and leaf display data with highest precision without loosing
information (Islam et al (2008)) . The objective of the present paper is to develop
formulae for raw moments followed by the establishment of relation between raw and
central moments and to study their properties.

2 Central Moment of Leaves

Suppose the leaves corresponding to kth stem are lk1, lk2, lk3, ..., lkn.

Then rth central moment for leaves of kth Stem is defined as

µrk(l) =
1
nk

∑nk
i=1(lki − l̄k)

r; r = 1, 2, 3...

3 Raw Moments of the Distribution in Terms of Raw
Moments of Leaves

Let X be a variable with m stems S1, S2, ..., Sm with corresponding numbers of leaves
n1, n2, ..., nm. For every stem the stem unit is h and leaf unit is 1. Then, base corre-
sponding to kth stem is Bk = hSk . Let Ta be any arbitrary constant such that Ta ̸= T̄ .

Then, rth raw moment of the distribution about any arbitrary constant Ta is defined as

µ′
r =

∑m
k=1

∑nk
i=1(Bk+lki−Ta)r∑m

k=1 nk
; r = 1, 2, 3...

Let Ta = Ba + la where Ba and la are respectively the base part and leaf part of Ta.

Then, µ′
r =

∑m
k=1

∑nk
i=1{(lki−la)+(Bk−Ba)}r∑m

k=1 nk

=

∑m
k=1

∑nk
i=1{(lki − la)r + rc1(lki − la)r−1(Bk −Ba) + rc2(lki − la)r−2(Bk −Ba)2 + .....+ (Bk −Ba)r}∑m

k=1 nk

=

∑m
k=1{nkµ

′
kr(l) +

rc1µ′
k(r−1)

(l)(Bk −Ba) + rc2µ′
k(r−2)

(l)(Bk −Ba)2 + ...+ (Bk −Ba)r}∑m
k=1 nk
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=

∑m
k=1

∑r
j=0

rcjnkµ
′
k(r−j)

(l)(Bk−Ba)j∑m
k=1 nk

=

∑m
k=1

∑r
j=0

rcjnkµ
′
k(r−j)

(l)djk∑m
k=1 nk

;where dk = Bk −Ba.

In particular, µ′
1 =

∑m
k=1 nk{µ′

k1(l)+dk}∑m
k=1 nk

, µ′
2 =

∑m
k=1 nk{µ′

k2(l)+2µ′
k1dk+d2k}∑m

k=1 nk
,

µ′
3 =

∑m
k=1 nk{µ′

k3(l)+3µ′
k2dk+3µ′

k1(dk)
2+d3k}∑m

k=1 nk
and

µ′
4 =

∑m
k=1 nk{µ′

k4(l)+4µ′
k3dk+6µ′

k2(dk)
2+6µ′

k1(dk)
3+d4k}∑m

k=1 nk

Corollary 1: Raw moments in terms of central moments of leaves are

µ′
r =

∑m
k=1

∑r
j=0

rcjnkµk(r−j)(l)(d
′
k)

j∑m
k=1 nk

; r=1, 2, 3...

Where, d′k = Bk + l̄k − Ta

In particular, µ′
1 =

∑m
k=1 nkd

′
k∑m

k=1 nk
, µ′

2 =
∑m

k=1 nk{µk2(l)+2µk1d
′
k+(d′k)

2}∑m
k=1 nk

,

µ′
3 =

∑m
k=1 nk{µk3(l)+3µk2d

′
k++(d′k)

3}∑m
k=1 nk

and
µ′
4 =

∑m
k=1 nk{µk4(l)+4µk3d

′
k+6µk2(d

′
k)

2+(d′k)
4}∑m

k=1 nk

4 Central Moments in Terms of Raw Moments

The rth central moment for stem and leaf display data is

µr =
∑m

k=1

∑nk
i=1{(Bk+lki−l̄k)}r∑m

k=1 nk
; r=1, 2, 3...

and rth raw moment about any arbitrary value Ta is

µ′
r =

∑m
k=1

∑nk
i=1(Bk+lki−Ta)r∑m

k=1 nk
; r = 1, 2, 3...

Where, T̄ =
∑m

k=1 Suk+
∑m

k=1 Luk∑m
k=1 nk

, Suk = nkBk, Luk =
∑nk

i=1 lki and nki is the frequency

of ith leaf corresponding to kth stem.

Now, µr =
∑m

k=1

∑nk
i=1{(Bk+lki−l̄k)}r∑m

k=1 nk

=
∑m

k=1

∑nk
i=1{(Bk+lki−Ta+Ta−l̄k)}r∑m

k=1 nk

=
∑m

k=1

∑nk
i=1{(Bk+lki−Ta)−(T̄−Ta)}r∑m

k=1 nk

= 1∑m
k=1 nk

∑m
k=1

∑nk
i=1{(Bk + lki − Ta)

r − rc1(Bk + lki − Ta)
r−1(T̄ − Ta) +

rc2(Bk+lki−
Ta)

r−2(T̄ − Ta)
2 − ...+ (−1)r−1(T̄ − Ta)

r}
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= 1∑m
k=1 nk

∑m
k=1

∑nk
i=1 (Bk + lki − Ta)

r−rc1(T̄−Ta)
1∑m

k=1 nk

∑m
k=1

∑nk
i=1 (Bk + lki − Ta)

r−1

+rc2(T̄ − Ta)
2 1∑m

k=1 nk

∑m
k=1

∑nk
i=1 (Bk + lki − Ta)

r−2

−...+ (−1)r−1(T̄ − Ta)
r}

= µ′
r − rc1(T̄ − Ta)µ

′
r−1 +

rc2(T̄ − T 2
a )µ

′
r−2 − ...+ (−1)r−1(T̄ − Ta)

r

=
∑m

j=1 (−1)jrcjµ
′
r−j(µ

′
1)

j

⇒ µr =
∑m

j=1 (−1)jrcjµ
′
r−j(µ

′
1)

j ; r=1, 2, 3...

In particular, µ1 = 0, µ2 = µ′
2 − (µ′

1)
2

µ3 = µ′
3 − 3µ′

2µ
′
1 + 2(µ′

1)
3 and

µ4 = µ′
4 − 4µ′

3µ
′
1 + 6µ′

2(µ
′
1)

2 − 3(µ′
1)

4

Corollary 2: rth raw moments in terms of central moments is
µ′
r =

∑m
j=1

rcjµr−j(µ
′
1)

j ; r=1, 2, 3...

In particular, µ′
1 = T̄ − Ta, µ

′
2 = µ2 + (µ′

1)
2

µ′
3 = µ3 + 3µ2(µ

′
1) + (µ′

1)
3 and

µ′
4 = µ4 + 4µ3(µ

′
1) + 6µ2(µ

′
1)

2 + (µ′
1)

4

5 Proposed Theorems

Theorem 1: rth central moment depends on scale but not on origin.

Proof: Considering same notations given section 2.
Let us consider a new variable after changing its scale and origin as uk = Bk−A

h , where
A and h are respectively origin and scale.

⇒ Bk = A+ huk
Now, T̄ =

∑m
k=1 Suk+

∑m
k=1 Luk∑m

k=1 nk
, Suk = nkBk, Luk =

∑nk
i=1 lki,

where,
∑m

k=1 Suk
=

∑m
k=1 nkBk

= h
∑m

k=1 nkUBk +A
∑m

k=1 nk

Thus, T̄ =
h
∑m

k=1 nkuk+A
∑m

k=1 nk+
∑m

k=1 Luk∑m
k=1 nk

⇒ T̄ =
h(

∑m
k=1 nkuk−h

∑m
k=1 Luk)+A

∑m
k=1 nk∑m

k=1 nk

⇒ T̄ = hū− hl̄ +A
⇒ T̄ = hū− l̄) +A
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Hence, µr =
1∑m

k=1 nk

∑m
k=1

∑nk
i=1 {huk +A+ lki − h(ū− l̄)−A}r

⇒ µr =
1∑m

k=1 nk

∑m
k=1

∑nk
i=1 {huk + lki − h(ū− l̄)}r

This shows that rth central moments vary with the change of scale but not on origin.
Q.E.D.

Corollary 3: β1 and β2 are independent of origin but not of scale in stems and leaves
display data set.

Theorem 2: For non zero unequal values for stems and leaves display data set
β2 ≥ β1 + 1

Proof : Considering same notations given section 2.

Then rth central moment is µr =
1∑m

k=1 nk

∑m
k=1

∑nk
i=1 (Bk + lki − T̄ )r; r = 1, 2, 3...

⇒ µ2 =
1∑m

k=1 nk

∑m
k=1

∑nk
i=1 (Bk + lki − T̄ )2

⇒
∑m

k=1 nkµ2 =
∑m

k=1

∑nk
i=1 u

2
ki when uki = Bk + lki − T̄

similarly,
∑m

k=1 nkµ3 =
∑m

k=1

∑nk
i=1 u

3
ki,∑m

k=1 nkµ4 =
∑m

k=1

∑nk
i=1 u

4
ki,∑m

k=1

∑nk
i=1 uki =

∑m
k=1

∑nk
i=1 (Bk + lki − T̄ ) = 0

Now, coefficient of measure of skewnwss is β1 =
µ2
3

µ3
2
and that of kurtosis is β2 =

µ4

µ2
2
.

Let us consider three real constants a, b and c such that au2ki+ buki+ c is a real term.

So,
∑m

k=1

∑nk
i=1 (au

2
ki + buki + c)2 ≥ 0

⇒
∑m

k=1

∑nk
i=1 (a

2u4ki + b2u2ki + c2 + 2abu3ki + 2bcuki + 2cau2ki) ≥ 0
⇒ a2

∑m
k=1

∑nk
i=1 u

4
ki + b2

∑m
k=1

∑nk
i=1 u

2
ki + c2

∑m
k=1 nk

+2ab
∑m

k=1

∑nk
i=1 u

3
ki + 2bc

∑m
k=1

∑nk
i=1 uki + 2ca

∑m
k=1

∑nk
i=1 u

2
ki ≥ 0

⇒ a2
∑m

k=1 nkµ4 + b2
∑m

k=1 nkµ2 + c2
∑m

k=1 nk + 2ab
∑m

k=1 nkµ3 + 2bc.0

+ 2ca
∑m

k=1 nkµ2 ≥ 0
⇒ a2µ4 + b2µ2 + c2 + 2abµ3 + 2caµ2 ≥ 0 as

∑m
k=1 nk > 0

Setting a = 1, b = −µ3

µ2
and c = −µ2 we get

µ4 + (−µ3

µ2
)2 + µ2

2 + 2.1.(−µ3

µ2
)µ3 + 2(−µ2).1.µ2 ≥ 0

⇒ µ4 +
µ2
3

µ2
− 2

µ2
3

µ2
− µ2

2 ≥ 0

⇒ µ4 −
µ2
3

µ2
− µ2

2 ≥ 0

⇒ µ4

µ2
2
− µ2

3

µ3
2
− 1 ≥ 0
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⇒ β2 − β1 − 1 ≥ 0
⇒ β2 ≥ β1 + 1
Q.E.D.

Corollary 4a: For non zero unequal values for stems and leaves display data set
β2 ≥ β1

Corollary 4b: For non zero unequal values for stems and leaves display data set
β2 ≥ 1
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