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Abstract

It is well-known that tests of hypothesis reveals whether the experimental
results are significantly different than the control results. Effect size, on
the other hand, gives the magnitude of the experimental effect and it is
a key component of meta-analysis. In this paper, we define two new esti-
mators, namely, the preliminary test and the shrinkage estimators of the
effect size when apriori one suspects that it may be equal to zero. For the
shrinkage estimator, we find that the coverage probability of the confidence
interval with fixed length, have properties similar to the mean square error
comparisons. On the other hand, properties of the coverage probability of
the preliminary test estimator is dissimilar. Between the two estimators,
the shrinkage estimator, we defined is comparable to the empirical Bayes
estimator discussed by Efron (2010), and it may have potential use in the
large-scale inference with micro-array data discussed in the book by Efron.
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1 Introduction

Let Y/F, ... Y,F be the experimental outcomes of size ny from N (u¥, 0?) and Y7, ..., Y,C
be the control outcomes of size no from N(u®, o?). We propose two new estimators of
0= “E;”C in addition to the well-known unbiased estimator, when one may suspect
that § may be equal to zero. Basically, the unbiased estimation of § is complete when
we have

. YEP-YyC
oy = ——72 if o2 is known, (1)
o
< vE-vC
6F = c(v)1—"2 if % is unknown (2)
Sp
I'(v/2
where ¢(v) = (v/2) v=mn1+ny—2.

IRV C D)

The unbiased estimator in (2) is due to Hedges (1981, 1982). Here, I'(.) is the Gamma

function, and the pooled estimator of o2 is given by
ni n2
2=v YV - VER v - VP 3)
j=1 j=1

Hartung, Knapp and Sinha (2008) survey in detail, the estimation of effect size and
Efron (2010) discusses the empirical Bayes estimation of effect size in connection with
micro-array data. There is a close connection of the approaches of Efron and the
approaches used in this paper. However, we formulate the hypothesis that § may be
equal to zero. That is to say, we suspect that the two means are equal, meaning that
there is no effect of the experimental ingredients. To remove this vague hypothesis,
we carry on a statistical test of hypothesis:

Hy:p? =p% Vs Hy:p¥ #p°
based on the test statistics
2 (YnE; - Yng)2

= 211y if 02 is known. (4)
n1 no
VE _yOy2
and Fy , = (27”177?) if 02 is unknown. (5)
sp(ar + 7s)

Now, we propose the following two estimators as in Saleh (2006) (Chapter 3, Sections
3.2, 3.5) depending on whether o2 is known or unknown as follows:

6PT = 6, — 6,1(22 < ¢y).
if o2 is known (6)
08 =6, —d|Z|716,, d > 0.
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where d is called the shrinkage constant, free of any parameter of the distribution,
I,.(A) stands for the indicator function of the set A, and ¢, is the upper a-level critical
value of the central chi-square distribution with one degree of freedom.
OPT = 6% — 61 1(F1y < c4).
if o2 is unknown (7)
0% = 0% — d|(F1,) /27 16%, d > 0.

where ¢, is the upper a-level critical value of the central F-distribution with (1,v)
degrees of freedom.

The estimators ( are called “preliminary estimators” (PTE) due to Ban-
croft (1944), and (5;,5;;8) are called “shrinkage type estimators” (SE) as in Saleh
(2006).

In this paper, we study the statistical properties of the estimators (Sm 55 T 5;’;) and
(6%,6FPT §*5) based on their bias and mean square errors (MSE) which are given in
sections 2 and 3. For the corresponding confidence intervals, we consider the cover-
age probabilities of fixed intervals, as they are given in section 4. In section 5, we
study empirical Bayes estimators due to Efron (2010), and compare them with our
estimators. Conclusion is given in section 6.

§PT §xPT)

2 Estimators and their Bias and Mean Squared Error
Expressions

2.1 Case 1: When ¢? is Known

In this section, we consider the properties of the estimators when o2 is known. Let us
~ vE _yC
call §,, = %, the unrestricted estimator (UE), then clearly, under the assumption

of normal theory given in the introduction, 6, ~ N{”E;”C, (n—l1 + n%)} so that E(d,) =
0 giving bias and variance as

b1(6,) =0 and the var(d,) = (i + i) = M;(3,). (8)
ny o n2

M (Sn) stands for the mean squared error ( MSE ) of b,. For the test of Hy one uses the
test-statistcs Z2 in (4) where Z2 has chi-square distribution with one degree of freedom
D.F. and noncentrality parameter 3A? where A? defined by A? = (ni1 + %)_152 using
normal theory. Under Hy, it follows a central chi-square distribution. Thus, at the
a-level of significance we reject Hy if Z2 > ¢, where ¢, is the upper a-level critical

value of the central chi-square distribution with one degree of freedom.
Now, consider the PTE defined in (6) and obtain the expected value of 35 T using

theorem 4 of Saleh (2006, Chapter 2) as

E(6PTY = 6 — 6Hs(cq, A?), (9)
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where Hs(., A?) is the cdf of a chi-square distribution with 3 D.F. and noncentrality
parameter %A? Hence the bias expression is given by

bo(6FT) = —6Hs(co, A?). (10)

Correspondingly, we obtain the MSE using theorems 4 and 5 of Saleh (2006, Chap-
ter 2) as

A 1 1
My(6FT) = (—+ —){1 - Hy(ca, A?) + A2[2H3(co, A%) — Hs(ca, AD)]}. (11)
1 2
Similarly, for the shrinkage type estimator defined in (6), we obtain the bias using
theorem 1 of Saleh (2006, Chapter 3, Section 3.5) as

() = G+ o) dE[%],

where 7 = —nl__nZ (12)

Here ®(.) is the cdf of N(0,1). The MSE of 4% may be obtained as

M;3(62) = (ni1 + niz)u +d®—2d\/2/x e N7 (13)

The value of d which minimizes Ms(8%) is d = \/2/7 ¢2%/2, which depends on AZ2.
To make it free of the parameter, A? we choose d* = /2/7. Hence, the resulting MSE

becomes

My(§) = (- + o)1 - 222 - (14

2.2 Case 2: When ¢? is Unknown

. VE _yC (L)
In this case, §; = c(u)%, is the unrestricted estimator (UE) of 4, and %5:
follows a noncentral t-distribution with v degrees of freedom D.F., and noncentrality
parameter (ni1 + %)_%6. Thus, using the noncentral t-distribution, we have E(d*) = &
and the bias and variance expressions are given by

b1(6%) =0 and var(5¥) = (i + i)[ v (v)

? %] = 5%) say.
ni N9 (V—Q) (1+A )—A ] —M1(5n) v (15)
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For the test of Hy : ,uE = ,uc one uses the test-statistcs Fi, given by (5) where Fi,
follows a noncentral F-distribution with (1, ) degrees of freedom D.F. and noncentral-
ity parameter %Az where A? defined by A? = (ni1 + %)_152 under the normal theory.
Under Hy, Fy, follows a central F-distribution. Thus, at the a-level of significance
we reject Hy if Fy, > c,, where ¢, is the upper a-level critical value of the central
F-distribution with (1,) degrees of freedom.

Now, consider the PTE defined in (7). We may obtained the bias expression of
6P following Saleh (2006) (Chapter 4, Section 4.2) as

v —

R 2
b2(5;;PT) = —5G37,,_2(3—Vca, A2), (16)

where G3,,_2(., A?), is the cdf of F-distribution with (3,7 —2) D.F. and noncentrality
parameter %Az and we may obtain the MSE expression for 677 as
1 1, vet(v) v—2

M@EPT) = (—+ ) {52
ny ng 1%

+AY[(S—5 = 1)+ 26, a(—ca, A7)
VC2 14 v —
v _( 2) s—2( 51/26047 A%} (17)

Next, we consider the shrinkage type estimator defined in (7), the bias expression may
be shown to be

ba(679) = ~d elv) [+ =) [1-20(-A))

We may calculate the MSE of %% as follows

~ I/CZ v
M) = (o M

+ d*c*(v) — 2de(v)[E|Z| — AE ()]}

(1+A?) - A?)

1 g a2

Minimizing w.r.t d, we obtain the optimum value of d as d = EZO)] \/;e 2 which

depends on AZ. To make it free of A2, we choose d* = ﬁ \/g So that the MSE
becomes

2 vt (v A2
M) = o+ N0 A =AY = 2pe ¥ 1) )

We summarize the results of the previous two subsections in the following two theo-
rems.
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Theorem 2.1. If 02 is known, then the bias and MSE expressions of the three
estimators are given by

bi(6,) = O,

M) = (o)

bo(00T) = —6Hs(ca, A?),

My(6ETY = (ni1 + %2){1 — H3(co, A?) 4+ A2[2H3(cq, A?) — Hs(co, A?)]}.
() = -+ o) d26(a) - 1)

My(8) = (oo H1 - Zl2e A ),

Theorem 2.2. If 02 is unknown, then the bias and MSE expressions of the three
estimators are given by

bi(65) = 0,

My(6y) = (n_1+n_2)[y—2)(1+A2)_A2]
B(IT) = —0Gs, (Y 2 s A2),
~ VC2 14 14
M) = Gt = Gaya (U 20, %)
o, V3 (V) 2 9
A [( » — 1) —|—2G37,,_2( CQ,A )
I/C2 14 14
_(2) 5.2 5V26a7A2)]}
() = —dev) (o + o) [L-20(-A))
s 1 1 ve(v) 9 9 A2
My(5) = (= + {(ZE D (14 A% =AY - Zpe ¥ - 1))

3 Properties of the Estimators

We present the properties of the estimators for the unknown variance case only. For
the known variance case, the properties of the estimators are very similar. We consider
the unrestricted estimator as the basis for comparing the others. Thus, we may define
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the MSE-based relative efficiency (MRE) of 6*F7 relative to 0% as

MRE(;T,5;) = —LoEn)
MSE(6:PT)
MRE(0*FT 55) = [1+ ga(A?)]7!

where g, (A?)

B 1 1 < [ VEE(V) v—2 9 9
= —(n—l + n—z)[var@n)] < L9 G37l,_2(3—yca, A ) — A

vV —

2 _
X [2G3,V—2( 3 2ca7A2) - e (V) G57V—2(V—26@7A2)]> .

1% v—2 5v

MRE(6:PT, 5%) may be written as a function of (o, A2). Figure 1 below illustrates the
graph of MRE(a, A?) as a function of A%. For fixed a, it decreases, crossing the 1-line
to a minimum at A2 = A2 . («), then increases towards the 1-line as A2 — co. The
maximum of MRE(q, A?) occurs at A% = 0 with the value

MRE(a,0) = [1 — (ni1 + niz)[var(gii)] A

2 _
_ve (V)GB,V—2(V3V2Ca70)]_1 (19)

for all a € A, the set of all possible values of a. The value of the max of MRE(«, A%)
decreases as « increases. Intersection of the graph of MRE(«, A?) with the 1-line
occurs at A?. Thus if 0 < A? < A2, then S:LPT performs better than 5;, and if
A% > A%, then 5; performs better. The cut-off point A% may be determined by

v (G o (Y2, A2
A%_ v—2 [ 3,1/—2( 3y “o )] ' (20)

- 2
2G5, o(% 20, A2) — YU Gy, o (Y2, A2)

In order to obtain a PTE with minimum guaranteed RE, say Fy, we adopt the
following procedure : if 0 < A% < A2, we always choose 07 since, MRE(a, A%) > 1
in this interval. However, in general A? is unknown, and there is no way one can
choose an estimator which is uniformly best. Thus, we look for an estimator with
minimum guaranteed RE, say, Ey such that set A = {o\MRE(a, A?) > Ey} which is
well-defined and satisfies the equation

mazxqmina: MRE(a, A?) = Ey for some o € A.

The solution o* gives the optimum a-level satisfying the minimum guaranteed RE.
Table 1 below may be used to determine the optimum level of significance for the PTE.
Table 1 gives the performance of 0% and 0377 (for each selected level of significance)
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Figure 1: Graph of MSE-based relative efficiency of SE and PTE for ny = 9,ne =
10, = 0.05 and 0.15

for selected sample sizes. The first two rows of Table 1 contain the maximum and
minimum relative efficiency of SE for selected sample sizes. The remaining rows of
Table 1 contain the minimum relative efficiency, Ep, of the PTE at A2 = A2 and the
maximum relative efficiency, E,q., which has been recorded for each «=0.05(0.10)0.45
with the corresponding efficiency ( EAg) of SE for A% = A2. To explain how to use
this table, for example, let (nq1,n2) = (3,4) and assume that we wish to obtain a PTE
with at least 86% efficiency. Table 1 gives o* = 0.25 at the intersection of Ey = 0.8674
and (ni,n2) = (3,4). Hence, the optimum level for the PTE in this case is a = 0.25
with a maximum possible efficiency 1.2480. Now, we consider the MSE-based relative
efficiency of 6 versus 9, as

Grs Try 2 v (v) 2y _ A21—1 —ATZ _ -1,
MRE(;°,05) = {1 71[(1/ — 2)(1 + A%) — A%]7[2e 1]}
It A2 =0, MRE(§,5%) = vme(v) :
Y nOT T yre(v) = 2(v — 2)
vrc?(v)

and if A? — oo ,MRE(6**,5%) =

v (v) +2(v — 2)

Further, as v — oo and A? = 0, ]\4RE((§*S 5*) — —“5- Moreover, as v — oo and

nor'n

A% — o0, RE(8*%,5%) — —Z. Figure 1 illustrates the graphs of MSE-based relative

no-n T+2
efficiency of preliminary test estimators for a=0.05 and 0.15, and that of shrinkage
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Table 1: Maximum and Minimum relative efficiency of SE and PTE for selected sample
sizes

a\(n1,n2) (3,4) (5,6)  (9,10) (13,14)
EmaT 21760 2.4560 2.6030 2.6520
E™m 07952 0.7255 0.6798 0.6613
0.05 Ey 0.6286 0.5053 0.4522  0.4360
Bmar 24266 29413  3.2459  3.3546
Eyz 08168 0.7642 0.7350  0.7257
A3 4.7 4.95 4.7 4.7
0.15 Ey 0.7843 0.6895 0.6417  0.6259
Bmar 14961 1.6343 17113  1.7381
Ex> 08168 0.7642 0.7350 0.7257
A3 3.4 3.5 3.55 3.55
0.25 Ey 0.8674 0.8004 0.7633  0.7506
BFmar  1.2480 1.3110 1.3455 1.3575
Exz 08337 0.7860 0.7630  0.7484
A3 2.95 3.05 3.1 3.15
0.35 Ey 0.9201 0.8761 0.8502 0.8411
Fmar 11334 1.1660 1.1836 1.1897
Eyz 08469 0.8059 0.7777  0.7665
A3 2.7 2.75  2.85 2.9
0.45 Eo 0.9544 0.9278 0.9115 0.9056
Fma:  1.0713  1.0884 1.0976 1.1008
Ex:  0.8565 0.8137 0.7903  0.7791
A3 2.55 2.65 2.7 2.75

type estimators. Now, note that the MRE(g;;S ,5;;) as a function of A? crosses the
1-line at A% = In4. Thus, for 0 < A? < In4, §** performs better than 0%, otherwise 6
performs better outside this interval. The maximum relative efficiency of SE increases
as the sample size n (n = n1 + ng2) increases, and as n — oo it tends to 5, while
the minimum efficiency decreases as n increases. Finally as n — oo, it tends to -
Figure 1 and Table 1, explain that when A? is near the origin, SE outperforms PTE
for most a values. Also, at A? = 0, the relative efficiency of SE is higher than that of
PTE. Further, SE is independent of . Thus, considering the overall performance of
SE relative to PTE, SE is preferable to PTE since it produces interpolated estimators

which are free from the level of significance, «.
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4 Confidence Intervals

4.1 When o2 is Known

We consider the 100(1 — $)% confidence interval for 6 when the variance is known,
using d,, which may be written as the Neyman-Pearson solution

where 23/, is the upper /2-level critical value from the standard normal distribution,
n= (ni1 + n%)_l, where
Po{Viu [6 = bn| < 2572} = 1= B = Poffi(6 — 6,)% < 255} (22)

Next, we consider the 100(1— )% confidence interval for § using the PTE, 657 as the
solution

CPTET)y = {6 : VA |6 — 0)T| < 250} (23)
The computational formula of the coverage probability of the set CP7 (557 is given
by
Ppz{Vi |6 = 0,71 < 250} = Hi(F 03 AMI(A? < 25 )) + (1 - B)

— @[min{z/2, zaj2 — A}]

+ ®[maz{—z5/9, — (202 + A)}] (24)
Graphs of coverage probability of 95% and 90% C.I. and the test levels a = 0.05,0.1
and 0.2 of the set CPT(65'T) are shown below along with the coverage probability of
set based on SE.

From the graphs one may see that from 0 to zg /5, the coverage probability is greater
than or equal to 1 — 8 and there is a discontinuity at A = zg/5 when the coverage
probability drops to its minimum (depending on «, ) then increases towards 1 — (3 at
A = z3/9 + 24/2 and eventually goes to 1-3/2 as A — oc.

Tabular values of the coverage probability are presented in Table 2 for the 95%
and 90% confidence sets based on PTE ( and the test levels o = 0.05,0.1,0.2) and SE.

Now, we state the properties of the coverage probability of the set C* T(&]LD Ty in
the following theorem.

Theorem 4.1.
If (1) 0<A*<zf,, P{CPTO/ ) >1-8
(i) 235 < A< (2502 + 2a2)?, P{CTTET)} <1 - 5.
(ii)) A= (232 + 2as2)®, P{CTT(O)T)} =1-8.
(iv) A?=0 and min(25/2 + 2a/2) = Za/2; P{CTT(PTY =1 - .
(v) A? = oo, P{CTT(ET)) =1 - /2.
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Figure 2: Coverage probabilities of 95% C.I. based on PTE ( a= 0.05, 0.1, 0.2 ) and
SE

Proof. Note that

A ~ 2
() Pa{Vi |6 =617 <z} = Par{a(8-0,0(2° 2 23,)) < 230
= PpfA’< 22/27 ARSI,
P = 00)? < 2, 22 2 xE o)

AV
3
——
i
[«
|
30«:1
N
IN
N
=™N
g
v
N
N
AN
=<
[N}
——

> Ppa{i(6—6,)* <250} =1-6.
Hence, we have proved that if A? < zg /20 then
PaoAVi |6 =677 < 250} > 1 B,
(i3) If zgp < A% < (232 + X1.0)?, we have

Pro{8 € CPT(O)T)} = Par{it(6—00)> < 2303 2° 2 X3 o}
< Ppa{i(6—6n)* < 25} =1-6.
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Figure 3: Coverage probabilities of 90% C.I. based on PTE ( «=0.05, 0.1, 0.2 ) and
SE

Hence, we have proved that if Z%/z <A%< (2372 + X1,a)?, then

Pao{Vi |6 =677 < 250} < 1B,
(iii) If A% = (2372 + za/2)2, then
Ppo{Vii |6 = 05T < 250} = Paz{it(6 —0,)* < 22/2722 > xi ot
= PA2{\/5 |5 — gn| < 26/2}
— Pr2{Vit |6 — 0| < 2572, 12| < 24y2}

= 1-8- (I)[min{zﬁ/% Raf2 — A}]
+ ®[maz{—z5/2, —(2as2 + A)}]. (25)

Substituting the value of A = 25,5 + 2,/2, We obtain
Ppa{vVi |6 — 07| < 250} =1 - 8.

(iv) If A? =0, and min(zgs + zo/2) = Za/2, substituting the value of A =0 in (25)
we obtain Pa2{v7 |6 — 657T| < zg/0) =1 —f.
(v) Further, if A% — oo, from (25) we obtain

Pp2{Vi |6 = 08T < 250} =1 - B/2.
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Table 2: Coverage probability of 95% and 90% C.1. of the sets CFT (62T and C*(52)

95% 90 %

0.05 0.1 0.2 SE 0.05 0.1 0.2 SE
0.9500 0.9500 0.9500 0.9942 | 0.9500 0.9000  0.9000 0.9854
0.9734 09703 0.9637 0.9942 | 0.9484 0.9459  0.9387 0.9456
0.4909 0.6137 0.7387 0.8943 | 0.4659  0.5887  0.7137 0.8096
0.8258 0.8873 0.9321 0.8729 | 0.8000 0.8623  0.9071 0.7882
0.9543 0.9657 0.9717 0.8716 | 0.9293  0.9407  0.9467 0.7869
0.9736 09746 0.9750 0.8716 | 0.9488  0.9496  0.9498 0.7869
0.9750 0.9750 0.9750 0.8716 | 0.9499  0.9499 0.9499 0.7869
0.9750 0.9750 0.9750 0.8716 | 0.9499  0.9499  0.9500 0.7869
0.9750 0.9750 0.9750 0.8716 | 0.9500  0.9500  0.9500 0.7869
0.9750 0.9750 0.9750 0.8716 | 0.9500  0.9500  0.9500 0.7869
0.9750 0.9750 0.9750 0.8716 | 0.9500  0.9500  0.9500 0.7869

B@OO\]@U‘»POJ[\DHOB
Q

Next, we consider the coverage probability of confidence interval defined by 52 as
C(07) = {0V |6 = 03] < 2572} (26)

It may be shown that

P{C*(2)} = PLVA |5~ b+ %\?—N < 252}
= P{(d—232) < (VL 0n — A) < (d+ 25)2); Vb, > 0}

)

+ P{=(d+ 252) < (V7i 0 = A) < —(d = 232); V7ib, < 0}
= 20(d+2g/2) — 1 — <I><max(d — 23/2, —A))

+ q)(min(—(d — 23/2)s —A)). (27)

Here, d = \/g For 95% and 90% C.I. of § based on 5,51, we obtain the coverage

probability for variation of A as given in Table 2.

Thus, for 95% C.I. for § based on 47, we observe that the coverage probability as
a function of A is decreasing up to a point say A = A i, then becomes constant
0.8716. Thus, eventual loss of efficiency of this C.I. is 8.25% and gain if A is near 0
is 4.65%. Similarly, for 90% C.I. of § based on ¢, the eventual loss of efficiency is
12.56% and gain near the origin 9.5% . Graphs of coverage probabilities of 95% C.I.
and 90% C.I. based on ¢7 are shown in Figure 2 and Figure 3.
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Table 3: Efficiency of 95% C.I. of the sets CFT(657) and C*(53)

o

A SE 0.1 0.15 0.20 0.25 0.30 0.35

0 1.046 1 1 1 1 1 1

1 1.046 1.022 1.018 1.014 1.009 1.004 1
1.96 | 0.9477 1.026 1.026 1.025 1.025 1.024 1.024
2.89 1 0.9197 0.9062 0.9429 0.9648 0.9793 0.9896 1

3 109188 0.9340 0.9638 0.9812 0.9924 1 1.006
3.11 1 09184 0.9496 0.9753 0.9900 0.9993 1.006 1.010
3.24 1 09180 0.9692 0.9893 1 1.007  1.012 1.015
3.40 | 0.9178 0.9846 1 1.008 1.013 1.017 1.019
3.60 | 0.9176 1.001 1.010 1.015 1.018 1.020 1.022

4 109174 1.020 1.020 1.023 1.024 1.024 1.025

5 09174 1.026 1.026 1.026 1.026 1.026 1.026

6 |09174 1.026 1.026 1.026 1.026 1.026 1.026

7 109174 1.026 1.026 1.026 1.026 1.026 1.026

Next, we define the efficiency of the 100(1 — 8)% confidence interval as

coverage probability obtained

EFF =
1-5

(28)

Tabular values of the efficiency of 95% and 90% confidence intervals based on PTE
and SE for selected A values are presented in Table 3 and Table 4. The values of A
are 0,1, zg/2, 23/2 + 2a 2 (for each a= 0.35(-0.05)0.1), 4, 5, 6 and 7 .

4.2 When 02 is Unknown

For the finite sample 100(1-3)% confidence interval for § one needs the computational
procedures using the noncentral t-distribution or noncentral F-distribution, see for
example, Cumming and Finch (2001) and Lecoutre (2007) among others. At the end,
they all proposed methods of approximations as it became difficult to specify simple
methods. With this backdrop, here we consider the asymptotic distribution of & as

N(8,0%(3)), o%(6) = 2 + %, n = nq + ng and define the Neyman-Pearson solution as

5*2

O (29)

- - 1
CO(‘S:) ={0:10 =] < 239 5 +
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Table 4: Efficiency of 90% C.I. of the sets CP7 (65T and C5(6%)
o
A SE 0.1 0.15 0.20 0.25 0.30 0.35
0 1.094 1 1 1 1 1 1
1 1.050  1.061  1.047 1.043 1.038 1.032 1.026
1.65 | 0.9293 1.055 1.054 1.053 1.052  1.051  1.049
2.58 | 0.8803 0.8597 0.9131 0.9467 0.9698 0.9866 0.9994
2.69 | 0.8782 0.8937 0.9403 0.9688 0.9882 1 1.012
2.80 | 0.8772 0.9178 0.9590 0.9839 1 1.012  1.021
2.93 | 0.8761 0.9489 0.9828 1.003 1.015 1.024 1.031
3.09 | 0.8755 0.9706 0.9989 1.015 1.025 1.032  1.037
3.30 | 0.8749 1 1.020 1.031 1.038 1.042  1.045
4 | 08744 1.046 1.049 1.052 1.053 1.054 1.054
5 | 0.8743 1.055 1.065 1.055 1.055 1.055  1.055
6 | 08743 1.065 1.055 1.055 1.055 1.055  1.055
7 108743 1.055 1.055 1.055 1.055 1.055  1.055
However, we notice that as n — oo
~ VE _yC 4 VE _yC s
& = c(v)—t—"2— L L a.s 1. 30
(v) o Sp o » e (30)
Hence, ~ ~
lim P{C°(0;)} = P{VA |0 — 6n| < 25/0} =1 B. (31)

n— o0

Now, we consider 100(1-3)% confidence interval for ¢ using PTE,

Pearson solution

Ay - 1
CPT@GFTY = (6110 = 877|290 4 = +

5*2

Sk PT
On

as the Neyman-

(32)

2(n —2) b

Let us now consider the limiting coverage probability of C'* T(g;;P 7. First, note that

. Ao*2
if A2 < 22/2(1 + ﬁ), we have

. PT(3PT\Y  _ 1 7 ePTY2 < ;2 1o
lim P{CTTE7} = lim Par{i(@ =67 < 551+ 50—

n—o0

)}

H1(X%,a§A2)I(A2 < Z%/z)
+ PA2{—25/2 <Z-A< Z8/25 ‘Z‘ > Za/Z}'
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The R.H.S may be written as

= Hi(xj a8 AHI(A? < Z§/2) (1-5)
(I)[mzn{zﬁ/% /2 T A}]
+ ®[maz{—z5/2, —(2a/2 + A)}].

For the 100(1-3)% confidence interval for § based on SE, §*5, we define the Neyman-
Pearson solution as

A ~ 1 5*2
S/ fxs _ 15— 8| < -
- ﬁ5*2
= {A:vVald -6 < 14— 1
{A VRIS — 65| < 259 +2(n_2) }

Then, the limiting coverage probability of 05(5;5 ) is given by

ﬁ5*2
2(n—2) )
20(d + 25/9) — 1 — @(max(d — 23/2 —A))
+ @(min(—(d ~ 25)), —A)).

The limiting coverage probabilities are the same as the known variance case and hence
the properties specified therein.

lim P{C*(6*)} = lim Pp2{(6 05%)? < 25 5(1 +

n—oo

Example 4.1. Suppose that a study with n; = ny = 15 yields a sample effect size
value of 6% = 0.580, 0T =0, and 07* = 0.3284 then the 90% confidence intervals for
6 based on PTE and SE respectively are given by

. 1 512 1 (0.580)2
orPT 4 4+ = 41 — = (—0.616,0.616).
n Zg/2 ﬁ+2(n_2) 65 \/ ==+ (—0.616,0.616)
. 1 612 1 (0.580)2
o+ — " = 0.3284+1. — = (—0.2 9443).
"t 2g ﬁ+2(n_2) 0.328 65 \/ % + 5 (—0.2875,0.9443)

5 Empirical Bayes Estimators and Comparisons

In this section, we discuss the empirical Bayes methods of effect size estimation due
to Efron (2010). Let the effect size, d, be distributed with density ¢(d) and the
transformed variable z|§ ~ N(§,1) where z = ®~1(F,(t)) and ®(.) is the cdf of stan-

dard normal distribution, F,(.) is the cdf of central t-distribution with v D.F. and
E_vyC
t= Ynlsipynz Then, we have the following result:
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Theorem (Efron, 2010)
Let f(z) be the marginal density of z for the model described above, given by

o] 1 _22
f(z2) = / 0= = 6) 9(6) db where 9(2) = ——eap{—}.

Then, the posterior density of § given z is

9(8]z) = eV = 2g(5)], with v(2) = log(f(2)/6(2)).

As a consequence

"

E(3]2) = ¢ (2) and var(6]z) = v’ (2),

where 1’ (z) and 9" (z) are the first and second derivatives of 1)(z). Let £(z) =
log(f(z)), then

E(b2) =z + £ (2) and var(d]z) =1+ £ ().

Efron uses the R algorithm Ebay to obtain a smooth estimate ¢(z) of £(z). Based on
these results, Efron produced Table 11.2 of the estimators & of prostate cancer data
(given in his book on page 220). Table 5 gives the computational results corresponding
to Efron’s Table 11.2. Columns 1-3 are the same as Efron’s Table 11.2. Column 4
is our unrestricted estimator it is equal to the preliminary test estimator in this case
and both are based on converted z-values to adjusted t-values. The fifth column is
our shrinkage estimator and is computed based on our formula. The sixth column is
a converted Efron’s estimator § to adjusted t-values for comparison. It is clear from
the table that our estimators are always higher in magnitude than Efron’s. The last
two columns are the estimated variance of our shrinkage estimator and the variance
of Efron’s estimators, respectively. Our results belong to the case of estimating the
noncentrality parameter, § of a noncentral t-distribution with v D.F.

It is evident that our estimators are competitive to the empirical Bayes estimators
and are easy to compute.

6 Conclusion

In this paper, we introduced two new point estimators, namely, the preliminary test
estimator ( PTE ) and shrinkage estimator ( SE ) of effect size, and the related 100(1-
B)% confidence intervals. The PTE as a point estimator has relative efficiency more
than one in the interval 0 < A? < 1, then drops to a minimum depending on the
size of the preliminary test and eventually tending to one as A? — co. The shrinkage
estimator, on the other hand, attains relative efficiency more than one in the interval

0 < A% < In4, then drops smoothly to a stable minimum (for large sample it is WLH)
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Table 5: Computation of UE, PTE and SE using prostate cancer data

step | z-value | & | ot =T oks 0(z) | var (o) | var(9)
1 0.29 4.11 5.6557 4.8578 | 4.119 0.2030 0.87
4.83 3.65 5.1013 4.3034 | 3.625 0.1725 0.89
-4.42 | -3.57 | -4.6225 -3.8246 | -3.5399 | 0.1487 0.92
-4.33 | -3.52 -4.5191 -3.7212 | -3.4872 | 0.1439 0.92
-4.29 | -3.47 | -4.4734 | -3.6755 | -3.435 0.1418 0.93
-4.14 | -3.30 | -4.3029 -3.5050 | -3.257 0.1341 0.97
4.47 3.24 4.6802 3.8823 | 3.1943 | 0.1515 0.91
4.40 3.16 4.5995 3.8016 | 3.1114 | 0.1476 0.92

CO N O UL i W N

45 -3.38 | -2.23 | -3.4618 | -2.6639 | -2.1679 | 0.1007 1.18
46 3.57 2.22 3.6687 2.8709 | 2.1579 | 0.1083 0.97
47 3.56 2.20 3.6578 2.8599 | 2.1380 | 0.1079 0.97
48 3.56 2.20 3.6578 2.8599 | 2.1380 | 0.1079 0.97
49 -3.33 | -2.156 | -3.4076 | -2.6097 | -2.0883 | 0.0988 1.19
50 3.51 2.15 3.6032 2.8053 | 2.0883 | 0.1058 0.97
o1 -3.33 | -2.14 | -3.4076 | -2.6097 | -2.0783 | 0.0988 1.19
52 -3.32 | -2.12 ] -3.3968 | -2.5989 | -2.0585 | 0.0984 1.19
53 -3.32 | -2.12 ] -3.3968 | -2.5989 | -2.0585 | 0.0984 1.19
54 3.47 2.09 3.5595 27617 | 2.0287 | 0.1042 0.97
95 3.46 2.09 3.5487 2.7508 | 2.0287 | 0.1038 0.97

Further, the shrinkage estimator does not depend on the size of the test as does the
PTE. This aspect of the shrinkage estimator together with its high efficiency near
the origin may be attractive to practitioners. Further, among the two estimators, the
shrinkage estimator is comparable to the empirical Bayes estimator proposed by Efron
(2010) and it may have potential use in the large scale inference with micro-array
data. With respect to the performance of the fixed-width 100(1 — $)% confidence
intervals based on PTE, the relative efficiency of the 100(1 — /)% is more than one in
the interval [0, z3 /2], and due to discontinuity, drops drastically to a minimum, then
increases to one as A goes to (zg /2 + Zay2). Finally, the relative efficiency tends to

% as A — 00. On the other hand, the relative efficiency of the confidence interval
based on the shrinkage estimator is a continuous function of A and has value more
than one in a shorter interval near the origin than the PTE, then decreases smoothly
to a minimum guaranteed efficiency. The relative efficiency based on the SE near the
origin is more than the efficiency of PTE based confidence interval. The discontinuity

of the efficiency as a function of A for the PTE based confidence interval may have a
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dampening effect on the practitioners and therefore it may be less attractive than the
SE based confidence interval.
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