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Abstract

We present results pertinent to estimation of a normal mean p with known coefficient of
variation [CV]. Although unbiased estimators of y based on both the sample mean and
the sample sd have been widely discussed, there is an inherent problem with the sample
mean when p is assumed to be positive. We suggest and introduce a sign correction to
the sample mean to rectify this problem. Again, if the population mean varies in an
unrestricted parameter space in either direction (excluding the value 0), then the sample
sd suffers from natural acceptability as an estimator of the population mean. There again,
we suggest a similar sign correction. Next, we provide an unbiased estimator for the mean
based on the sample sd, adjusted by the sign function of the sample mean and its variance.
This is an exact result. We construct a combined unbiased estimator based on the sample
mean and the sign-corrected sample sd. We also establish its asymptotic normality and
study its behavior for small samples. Lastly we take up the problem of confidence interval
estimation and, following Stein, we address the problem of determination of a two-stage
procedure with fixed width as well. A result based on the decomposition of sum of squares
is used to provide an elegant solution to this problem.
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1 Introduction and Preliminaries

Estimation of mean of a normal population based on a random sample of size n is
easily accomplished by taking the sample mean, which is an unbiased estimator for
the population mean. It is always desirable to reduce the effects of sampling variation
in estimates. When Coefficient of Variation (CV) is known, there is information on
normal mean in the variance of the population. It is natural to search for estimators
that utilize this information on the coefficient of variation and to produce an estimator
that is better than the conventional estimator, i.e. the sample mean.

There is an extensive literature on this topic. Searls (1964) proposed an estimator,
which under the assumption of known CV, is biased but more efficient than X. Khan
(1968) considered the problem of estimating the mean p based on a sample from
the population N(u,0?), where 0 = ku, k known, k > 0, i > 0 and obtained the
best unbiased estimator in the sense of minimum variance among all linear unbiased
estimators in terms of the sample mean and the sample standard deviation. Gleser and
Healy (1976) went a step further and obtained the uniformly minimum risk estimator
under the squared error loss. Sen (1979) proposed a biased but simple and consistent
estimator and proved it to be more efficient than the MVUE among a typical class of
unbiased estimators derived by Khan (1968). Soofi and Gokhale (1991) considered the
same problem, when the coefficient of variation is known, as a constrained optimization
of the Kullback-Leibler discrimination information function. Following Kunte (2000),
Guo and Pal (2003) derived the expression for the MLE of u, assumed to be non-zero,
and characterized the class of equivariant estimators under the group of scale and
direction transformations.

We start with the set-up of a N(u,0?) population with 02 = k?u2, k is known
coefficient of variation, k > 0, © > 0. However, note that even for p > 0, there is a
nontrivial probability that the sample mean is negative, viz., P(X < 0) = 1-®(y/n/k).
Therefore, in case X < 0, its acceptability as an estimator of  is under question. One
way to rectify this would be to use conventional truncated estimator, that is, ji = 0
if X <0; 1= X if X > 0. However, as is well known, this turns out to be a biased
estimator. Below we suggest a sign correction to X for obtaining an unbiased estimator

of u. Let - -
. apX it X>0 (1)
Fr=1 0, X if X<0

where b, < 0 < a,, and, set

s1(n) = = exp{—gpz} + 2(Vn/k)

27rn

¢§Tnexp{ gz} + (1= @(y/n/k))
= i exp{— g} + 0 (a/k)

)
s2(n)
t1(n)
(n)

2
B(n) = o expl i) + (1 (k) @
P s1(n)/t1(n)
n 51(n)2/t1(n)+s2(n)?/t2(n)
b, s2(n)/ta(n)

= 5102 /t1(n)+s2(n)? [t2(n)
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In Appendix A, the following results are established. For such choice of a, and b,
and for every n > 1,

1. E(iin) =p, 0 < p < 00,

2. V(i) is the least uniformly in g > 0, for each n among all such unbiased
estimators of the form (1).

It follows that a, > 0, li_)m an =1, and b, <0, li_>m b, = —o0.

Remark 1. If p > 0, unless the sample size n is large, P(X < 0) > 0. It is thus
necessary to do the sign correction only for small values of n. This aspect of restricted
parameter space is not pursued further in this paper. Henceforth, the parameter space
under discussion is Q* = {—o0 < p < 0o, p # 0}. If u =0, X is degenerate at u = 0.

Two unbiased estimators for p are given in Sections 2 and 3. Asymptotic results
and small sample behaviors of the estimator proposed in Section 3 are given in Section
4. Confidence intervals for p of fixed sample is discussed in Section 5. A proposed
two-stage procedure to construct confidence interval for p and its comparisons with
Stein’s procedure are presented in Section 6.

We will skip some derivations for brevity. For technical details, we refer to Zhang
(2007: Unpublished doctoral dissertation (Chapter 3), UIC, Chicago).

2 Unbiased Estimator for p

We start with the setup of X ~ N(u,k?u?). Let X1, Xo,..., X, be a random sample
from this population with X as the sample mean, and S? = ﬁ S (X — X)? as
the sample variance. This time, as explained before, X is readily acceptable as an
estimator of u. However, since E(S) o |u|, a sign correction is needed to S towards
providing an acceptable and yet unbiased estimator for u. The following result will be
used in the sequel.

Lemma 2.1. An unbiased estimator of p for pn € Q* in terms of S and the sign of X

is h(S,X) = sgn(X)% Vfl_)l, where g(n — 1) = %, and A, = 1/[2®(y/n/k) —1].
2

Proof. We know from Johnson (1994) that Z‘;‘ls ~ x(n—1), E(¥ Z‘;‘ls) =g(n—1)

and hence, E(5) = M. Note further that X ~ N(u,k*u?/n) and that X and

vn—1

S are independent. We now consider the estimator h defined in the statement of the
lemma, i.e., explicitly written,

_ A, 2L i X >0
h(S,X) = e (3)
—A, kg(:—_l) f X <0

Since X and S are independent, if 1 > 0
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E[h(S,X)] = P{X’ > O}[A kg(n—1) /n—1 ]—i—P{X < 0}[(_An)ﬂkg(n_1) n_ll ]

I Al 5= Fgtn=1) n—1 kg(n—1)
= A,u[P{X >0} — P{X < 0}]
(4)
Again, if 4 <0,
E(S.X)] = P{X > 0}[(~u)A, r=h) -t
+P{X < 0}[(—=A,)(—p) kg(ffill) /{E)] 5)

= A u[P{X <0} — P{X > 0}] = pu.

This establishes the claim. [ -
Next we compute the variance of h(S, X). We will conveniently skip the suffix n
from A,, below. Note that

V[h(S,X)] = Vi(E2) + E1(Va) (6)
But, _
B S\l Alp| if X >0
B =l k1= { 4 £ 70 @
Then
Vi(By) = B{E[A(S, X)|X]}* — {B[E[h(S, X)|X]|}? = A% — p? = p?(A? — 1>.( |
8
Next,
- — — 2(p—
Vo = VI(S, X)|X] = V[sgn(X) 4] = i Bih V(). )
Since Yirr® ~ x(n — 1), V(8) = 521{(n 1) ~ [g(n ~ 1))}, then
-1
Vo= A22(—2 "~ 1 10
Since V3 is a constant, Eq (V) = V,. Therefore,
_ 2(p—
VIS X)] = ph (4 = 1) + A% (e = 1) = (et =D (1)

3 Unbiased Estimator for y in Terms of h(S, X) and X

— 2,2

X is an unbiased estimator of y with variance kT“ Another unbiased estimator for
s h(S,X), is derived from Section 2. Next we construct the best linear unbiased
estimator for p in terms of X and h(S, X).
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Lemma 3.1. If a random variable X follows normal distribution with mean p and

)
variance o2, then E|X| = g\/%m—ﬁr + p[2®(4) —1].
Proof.

_—w?
— =57 dg, (let =& =1t),

2wo

_(e=w)? 0
‘X’ = fO 27ra 207 dx—i_f—oo

2 _u _ 42
—f (ot +p) \/— = dt—i—f_og(—at—u)\/%—we%dt

)
= o/2ea + p20(%) — 1].0

The value for © = 0 follows immediately from the above general result, E(|X|) =

a\/g . The following result is well-known and is stated without proof.

Lemma 3.2. Random variables X and Y are dependent with the correlation coef-
ficient p. Both have the same mean 6 and variances o3 and o3, respectively. Then
the best linear unbiased estimator of 6 in terms of X and Y involving p, 0% and 03 is

2_ 2_
Z =aX +bY, where a = 52522 gpnd b = 535222
+ ’ O'%+O’%—2p0’10’2 U%+Ug—2p0’10’2

The following result is now immediate.

Lemma 3.3. Based on a sample of size n from N(u, k*u?), the best linear unbiased
estimator of u in terms of X and h(S, X) is

p=ch(S, X))+ (1 —c,)X (12)

52 /2 o—n/2k?

A2(n— 1) _ E_ 77L/2k2
PICESHE: 1+ 2Ak,/ —e

where ¢, =

Proof.
E[/‘*] = E[Cnh(st) + (1 - Cn)X] = CnE[h(S’X)] + (1 - Cn)E(X) = Q- (13)

Further, the covariance between h(S, X) and X is computed as

cov[h(S, X), X] = E[h(S,X)X] - E[h(S, X)] (X)
= fo Ak|plz f (z d:lt+f —Ak|p|zf(z)dz —
= Ak|p|E|X| — pu? = ,u2Ak‘\/;e_"/2 (By Lemma 3.1)

(14)
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The correlation coefficient between h(S, X) and X is

covlh($,X),X] Ay 5)
VWS, X)V(X) . [20-1)
Y ) \/[g(n—n]? 1

The relationship between p and sample size n is shown in Figure 1. For a fixed k, as
sample size gets larger, the correlation coefficient between h(S, X) and X gets smaller.
Furthermore,

. N . 2 _
lim cov[h(S, X),X] = lim p?Aky/—e "2 =, (16)
n—o00 n—o0 ™
04
k?=0.1
0.35f »
k?=0.2
k?=0.5
03F ot
2_
0251 k2—1.5
K?=2
a 02
0.5}
0.1f
0.05f
0
0 20

Figure 1: The relationship between p and n for different values of k2

By Lemma 3.2, the coefficient of the best linear unbiased estimator of y in terms of

. o B2 Ak 2o/ e
X and h(S,X) is ¢p = -3 > 5, upon simplification. [J
) 1452 oAk, /2 /2%
[9(”*1).] n ™
We may compute the variance of p* as

V(p*) =cVIh(S, X))+ (1 —cn)?V(X) + 2¢,(1 — cp)cov[h(S, X), X] = v(n)u?

where v(n) = ¢ [[g(TE" 1)1})2 -1+ (1 - cn)2% + 2¢,(1 — ¢p,) Ak / %e‘"/z.
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Lemma 3.4. (Anis, 2008)

. . 1
L lim ap =1, lim n(1—ap) =7, lim n(l—aj) =5
where oy, = ng) % = g(z__ll)'
2

The ratio of the coefficients of the best linear unbiased estimator of u in terms of
h(S,X) and X is
k2 2 —n/2k?

1—2¢c, A?(n—=1) 1 _ 2 ,—n/2k?
-~ L ARy e

As n — oo, 172 — 2k2. The proof is given in the following. By Lemma 3.4 (1)
and (3),

lim = lim = lim = 2k2.(19)
n—oo 1 — ¢, n—oo A2(n—1) —n/2 n— 00 n(l a2)
ot — L= Aky/ e

‘o K Ak l -n/2 k2a2

4 Asymptotic Normality and Small Sample Behavior of
The BLUE

As we discuss in Section 3, p* = ¢,h(S, X) + (1 — ¢,)X is the best linear unbiased
estimator(BLUE) for p. It is natural to consider the properties of this estimator. Then
we could base statistical inference on it. First note that p* is asymptotically normally
distributed as proved in Appendix B.

Since lim cov[h(S, X), X] =0 and V[h(S, X)] = % + O(i) it is asymptotically

normal Wlth asymptotic variance 2— Then the asymptotic variance of pu* is %T)

The variance ratio of h(S, X)] and X is I +2k2 asymptotically. As for its behavior of
small samples, it is examined in Table 1. Further, it is shown in Appendix C that
< z} is independent of yu. Then in Table 1, u = 1 is taken for illustration.

P \/T’ } p 12 Y

10,000 samples from N (u,k?p?) are drawn for small and moderate sample size for
k> = 0.1,1,and 2. Vide, Zhang (2007) for other values of k. When k < 1, the
simulated probabilities are close to the probabilities according to the standard normal
distribution. As for higher values of z Which are often used in constructing confidence
intervals and hypothesis testings, P{] \/T| < z} are very close to the probability

accordmg to the standard normal distribution even for small sample size. When k = 2,

dlstrlbutlon for large value of n(> 50).
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. W —p 2 _
Table 1: P{|\/W| <z} k*=0.1

> n=5 10 15 20 25 30 23(z) 1
0.5 0378 0.384 0.386 0.381 0.375 0.379 0.383

1 0.679 0.685 0.681 0.687 0.675 0.676 0.683
1.5 0.863 0.864 0.867 0.871 0.860 0.865 0.866
1.96 0.948 0.949 0.950 0.950 0.947 0.946 0.950

2 0952 0953 0954 0955 0.951 0.951 0.954
2.5 0988 0.986 0.987 0.988 0.987 0.986 0.988
2.58 0.990 0.989 0.989 0.990 0.990 0.989 0.990

3 0.997 0997 0.998 0.998 0.997 0.997 0.997

B —p 2 _
P{| m| <zh ke=1

z n = 10 15 20 25 30 20(z) — 1
0.5 0.431 0.391 0.387 0.381 0.383 0.384 0.383

1 0.746 0.696 0.687 0.678 0.685 0.689 0.683
1.5 0910 0.877 0.872 0.860 0.867 0.869 0.866
1.96 0.968 0.958 0.952 0.952 0.947 0.950 0.950

2 0.970 0.960 0.957 0.951 0.954 0.954 0.955
2.5 0984 0.988 0987 0.987 0.990 0.989 0.988
2.58 0.985 0.992 0.990 0.992 0.991 0.991 0.990

3 0.988 0.997 0.997 0.997 0.998 0.997 0.997

B —p 2 _
P{| m| <zh kf=2

z n =20 30 40 50 60 70 20(z) — 1
0.5 0.503 0.461 0.426 0.395 0.382 0.383 0.383

1 0.823 0.781 0.729 0.704 0.685 0.686 0.683
1.5 0.950 0.932 0.901 0.883 0.868 0.868 0.866
1.96 0.982 0.981 0.967 0.959 0.953 0.947 0.950

2 0.982 0982 0971 0.963 0.957 0.951 0.954
2.5 0.987 0.995 0.993 0.991 0.989 0.987 0.988
2.58 0987 0.995 0.995 0.993 0.992 0.990 0.990

3 0.987 0.997 0.998 0.998 0.997 0.996 0.997
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5 Confidence Interval for i for A Fixed Sample

5.1 The Estimators under Study

Traditionally, the confidence interval for the mean u of a normal distribution is con-
structed based on t distribution with degrees of freedom n — 1, that is,

X+ %t(l —a/2,n—1). (20)

where t(1 — a/2,n — 1) is the lower 1 — /2 percentage point of the ¢ distribution of
n — 1 degrees of freedom. The length of this confidence interval is

L1 = 2t(1 — a/2,n — 1)%5. (21)

The expected length of this confidence interval is

1 g(n—1)

E(Ly) =2t(1 — a/2,n — 1)\/ﬁﬁ

Elul. (22)

When the sample is from N (u, k2p?), L1 does not utilize the information of u in

Z?:1(Xi_X)2
2

it follows x? distribution with degrees of freedom n — 1. Based on this statistic, the

confidence interval for |u| is

( vn—18 vn—18
kX2 —a/2,n — 1) ky/x2(e/2,n — 1)

the population variance. Another statistic utilizes this information and

) (23)

where x2(a,m) is the lower a percentage point of the x? distribution of m degrees of
freedom. An adjustment for the confidence interval of pu is, if X > 0,

1 ( vn—18 vn—18
k®(vn/k) /21 —a/2,n — 1) /X2(a/2,n — 1)

)i (24)

and if X <0,

1 (— vn—18 B vn—18
KROGA/R) NaZn—1) VXO-a/Zn-1)

)- (25)

Next we justify that this proposed confidence interval provides 100(1 — )% confi-
dence.
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If 1 > 0, confidence coefficient is computed as

1 o vn—18 vn—18
kq’(\/ﬁ/k)P(X g O)P(\/X2(1 —a/2,n—1) S x3(a/2,n — 1))
1 _ Vn —18 B Vn —18
T E R Y ey wra s B Ty wrag
1 Vn —18
= (\/_/k‘) P(X >0)P( Xz(a/2,n—1)<T <Vx2(1—a/2,n—1))
= (\/_/k:) P(X>0(1-a)=1-a.
(26)
Again, if ;4 < 0, the same is computed as
1 > vn—18 vn—18
k’q)(\/ﬁ/k')P(X g O)P(\/X2(1 —a/2;n—1) S X*(a/2,n — 1))
1 _ B Vn—18 B Vn —18
+k‘<1>(\/ﬁ/k‘)P(X<0)( X?(a/2,n —1) e \/X2(1—a/2,n—1))
(27)

Interestingly enough, the length of this confidence interval is the same for p > 0
or for g < 0 and is given by

1 vn —18 vVn—18
®(v/n/k) \/x @/2n—-1) /x20—a/2,n—1)

Ly = ). (28)

The expected length of this confidence interval is

g(n—l) 1 1
o(Vn/k) /2lazn—1) PO —a/2n—1)

E(Ly) = )pal- (29)

Now we compare the expected lengths of the confidence intervals based on t dis-
tribution and the one based on x? distribution respectively. Define,

Roi(n) = g&; - 2ht(1 — a/2,n — 1) (30)

1 B 1
2(vn/k) (\/XQ(a/Z,n—l) \/Xz(l—a/2,n—1))

From Johnson (1994), by Fisher (1922)’s approximation,

(o, v) ~ %(Ua +v20 — 1) (31)
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Table 2: Rs; for small and moderate sample size, a = 0.05

n k*=01 02 05 1 1.5 2

5 0.345 0.488 0.771 1.078 1.292 1.456
10 0.398 0.562 0.889 1.256 1.532 1.756
15 0.414 0.586 0.927 1.311 1.604 1.848
20 0.423 0.598 0.945 1.337 1.637 1.889
25 0.428 0.605 0.956 1.353 1.657 1.913
30 0.431 0.610 0.964 1.363 1.669 1.927

where U, is the lower « percentage point of the standard normal distribution. v is
the degrees of freedom of the x? distribution. By Peiser(1943),

U3+ U,
Ha,v) = Un + % (32)
lim Roi(n) = lim 2kt(l —a/2n = 1)
n—00 n—00 n(n—l)( 1 _ 1 )
@(vn/k) \/Xz(a/2,n—1) \/Xz(l—a/2,n—1)
U2 1
k(1 + Z(;if)r )
= lim T
n—00 o
2(n—1) 1 _ 1—o/2 )
n \/Zn(nfl) \/2n(n71)
= V2k (33)

So the expected length of L is v/2k of the expected length of Lo asymptotically.
L5 has shorter length than L; even for small and moderate sample size n and k > 1
as shown in Table 2.

5.2 An Unbiased Estimator for y: a New Perspective

Now we consider another unbiased estimator for p based on the sum of squares de-
composition. The total sample of size n is divided into two parts with ng and nq
observations, respectively. Let

SSn = Z:L:I(XZ - Xn)27 SSO = Z?ﬁl(XZ - X0)27
W = Z?:no—i-l(Xi - X1)2 + %(XO - X1)27 )_{n = Z?:1 X,-/n,
Xo =222 Xi/no, X1 =3 X/,
n =ng-+ni.
(34)
The sum of squares of the whole sample, S'S,, is decomposed as SS,, = SSy+ W . Then
D X = 1), S\ g~ 1), g ~ xE). (35)

k212 k212 k22
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It is easy to see that SSy and W are independent; X@ and W are independent. We
now propose an unbiased estimator for y in terms of X,, and W, viz.,

- sgn(X,) AVW

AW, Xn) = kg(n1) (30

ny+1
where g(n;) = % and A = 1/[2®(y/n/k)—1]. By Lemma 3.4, it is an unbiased
2

estimator for u . By Lemma 3.3, the best linear unbiased estimator of x in terms of
X, and h(W, X,,) is B B
/l* =d,h(W, X)) + (1 —dp) X, (37)

2 — Ak / e—n/2
A2n1 _ k__ /2 —ny2’
B2 1+ 2Ak —e

V(i*) = daVI(W, Xn)] + (1 = dn)?V(Xn) + 2dn(1 = dn)Cov[Xp, h(W, X,,)]
= v(n, 1)’

where d,, = . Its variance is

(38)
where v(n,n1) = d3[(4-0s — 1] + (1 = dn)*5" + 2d, (1 — do) Aky [ Ze™/2.

5.3 Confidence Interval for ;. Based on ji*

For given ng, n1 goes to the infinity as n goes to the infinity. Therefore, 4 is asymp-
totically normally distributed as p* in Section 3. Since W and 5SSy along with X, and
S Sy are independent,

S

Y -y .
O e DL

SS, N
Ve V)

follows asymptotically ¢ distribution with degrees of freedom ng — 1, where Sy =
[ 55
01. The confidence interval based on t;+ is thus given by
nog —

toe = (39)

S
af (1l —a/2,n9—1) v(n,nl)?o. (40)
The expected length of this confidence interval is
E(L3) =2t(1 — a/2,n9 — 1)\/v(n,n1)g(ng — 1)/v/no — 1|p]- (41)
To compare expected length of confidence intervals (22), (29) and (41), define
_ E(L3) _ t(l—a/2,n0—1)y/v(n,n1)/kg(no—1)/v/no—1
Riz(n) = E(Lz) - t(1-a/2,n—1) 7=g(n—1)/v/n-1 (42)
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Table 3: Ri3
k? =0.1 k> =0.2 k> =0.5 k2 = k=15 k2 =2
n nyg Rz ng I3 ng I3 ng Ri3 ng Ri3 ng Ri3
10 9 1.008 9 1.000 7 0.948 6 0.849 6 0.797 6 0.782
15 14 1.000 11  0.983 8 0.900 7 0.782 7 0.708 7 0.676
20 16 0.996 12 0.969 9 0.872 8 0.749 8 0.667 8 0.619
25 18 0.991 14  0.958 10 0.854 9 0.728 9 0.644 8 0.588
30 19 0.987 15 0.950 11 0.841 10 0.713 9 0.629 9 0.570
40 22 0.978 17 0.937 13  0.822 11 0.693 11  0.609 10  0.549
50 25 0.974 19 0.928 15 0.809 13 0.679 12 0.596 12 0.537
60 27 0.970 21  0.927 16 0.800 14 0.669 13 0.586 13 0.528
70 29 0.967 22 0.916 17 0.793 15 0.662 14 0.579 14 0.521
Table 4: R23
k? =0.1 k? =0.2 k> =0.5 k2 = k=15 k2 =
n  ng R ng  Rag ng  Rag ng  Rog ng  Rog ng  Rog
10 9 0401 9 0.562 7  0.843 6 1.067 6 1.222 6 1.373
15 14 0.415 11 0.576 8 0.834 7 1.025 7 1.136 7 1.250
20 16 0.421 12 0.579 9 0.825 8 1.001 8 1.092 8 1.170
25 18 0.424 14 0.580 10 0.817 9 0.984 9 1.067 8 1.125
30 19 0.425 15 0.579 11 0.810 10 0.972 9 1.049 9 1.098
40 22 0.426 17 0.577 13 0.800 11 0.953 11 1.026 10  1.069
50 25 0.426 19 0.575 15 0.792 13 0.940 12 1.009 12 1.050
60 27 0.426 21 0.572 16  0.786 14  0.929 13 0.997 13 1.037
70 29 0.426 22 0.571 17 0.781 15 0.922 14  0.988 14 1.026
and
Ras(n) = %2; _ 22((17?)/2(77&0 1)1g(n() 1)_/\/m}/v(Tm)> (43)
2(VR/R) /X2 (a/2,n-1)  V/X2(1—a/2,n—1)

Tables 3 and 4 show Ri;3 and Rgg for different values of n. The value of ng for
each fixed n give the smallest value of Ri3 and Ra3. The expected length of Lg is less
than or very close to the expected length of L for different values of coefficient of
variation. When k2 < 1, the expected length of L3 is shorter than that of L,. When
k? > 1, the expected length of L3 is longer than that of Ly. When k? = 1, n > 25, the
expected length of Lj is shorter than that of Ly; n < 25 , the expected length of Lg is
close to that of Ly. Therefore, according to the expected length, Lo is recommended
to construct the 100(1 — )% confidence interval for u when k? is greater than 1; L
is recommended to construct the 100(1 — )% confidence interval for z when k2 is less
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than or equal to 1 and sample size is large; when k2 is extremely small, there is trivial
difference between L1 and Ls. From the perspective of simplicity, L is recommended.

Another statistic W follows y? distribution with degrees of freedom n.
The confidence interval based on this statistics cannot be expressed in a closed form
to give rise to a closed interval and the quadratic equations derived for the confidence
interval may not have real roots. It cannot be used to construct the confidence interval
for . Another reason that W is not utilized is that there is trivial difference
between degrees of freedom for n and n — 1 as n — oo.

6 Fixed Width Confidence Interval for p

6.1 Stein’s Procedure

Stein (1945) proposed a two-stage procedure to construct a fixed width (2d) confidence
interval for p. It is also summarized in Ghosh, Mukhopadhyay, and Sen (1997). Let
X;(i = 1,2,---) be independent normal variables with mean p and variance o (un-
known). Take a sample of size ng observations Xi,--- , X, and compute the sample
variance give by

no

1

S§=—> (Xi— Xp)”. (44)
3
Take additional observations X, 4+1,---, Xy, and let X, = % Then

T — (Xn — p)y/n
V&S

follows t distribution with degrees of freedom ng— 1. The total sample size n is chosen
as

(45)

t2(1 — a/2,n9 — 1)S?
22
A 100(1 — @)% confidence interval for p of specified length 2d is then given by

n = max{] ] +1,n0} (46)

(X —d, X +d) (47)

6.2 Proposed Procedure

When a 100(1 — )% confidence interval is constructed for p based on a sample from
N(u, k?u?), the information on u in the variance can be utilized. As discussed in
Section 5.3, t;+ in Equation (39) follows asymptotic ¢ distribution with degrees of
freedom ng — 1. The confidence interval based on * is

So

ot +t(l—a/2,n9 — 1) v(n,nl)? (48)
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Similarly to the Stein’s procedure, a two-stage procedure to construct a fixed width
(2d) confidence interval is based on Equation (48). The total sample size is chosen as
follows: if ng > [w]a then no more observations will be taken, the total

sample size is n = ng; otherwise, the total sample size n is chosen such that

d:t(l—a/2,n0—1)\/v(n,n1)% (49)
holds. The confidence interval for y based on ji* is
(A" —d, i + d) (50)

From Seelbinder(1953), the expected sample size FEg(n) of Stein’s procedure is

t2(1 —a/2,n9 — 1)

t2(1 —a/2,n9 — 1)

Byfn) =g~ 220 = i) ¢ TR T D k) )
where,
_ d 2 _ _ no(no—1)
¢ = , X0 _t2(01f3/7;(,)n0—1)7
_ 1 v
FO§) =g (B = 1), Iwp) = Y7 foipdv,
v :“’”2—2, r ~x%(ng—1),
p :n02_1_17 - X(% )
v2(no—1)
K (X8)(no-1)/2
- ng—1 ng—1 X(2)
) r P} )CXP(T)

Procedures (47) and (50) construct the 100(1 — «)% confidence intervals of same width
2d. Then the relationship between the expected sample sizes of Stein’s procedure Eg(n)
and proposed procedure E,(n) is

v(Ep(n),n1) =

) (52

The comparison of the expected sample sizes of the two procedures for a = 0.05 is
given in Table 5. The blank space left thereafter in the table of expected sample sizes
will remain equal to ng. As the asymptotic normality and small sample behavior are
discussed in Section 4, ng is assumed to take values larger or equal to 50 for k? = 2.
no starts from 10 for other values of k2. For given ng, the expected sample size from
the proposed procedure is less than that from Stein’s procedure. For the moderate
c(> 0.2), as ngy gets bigger, the expected sample sizes of the two procedures are the
same eventually. When c takes small values, say 0.01, or 0.05, there is huge expected
sample size gain by the proposed procedure.



Table 5: Expected Sample Size Comparison of the Two Procedures
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k2=0.1
c=0.01 c = 0.05 c=0.1 c=0.2 c=0.3 c=0.4 c=0.5 c=0.6 c=0.7 c=0.8
no “FEs “Ep Es Ep Es Ep Es Ep Es Ep Es Ep 128 Ep Es Ep Es Ep Es Ep
10 51174 354 2047 354 512 354 128 109 57 50 32 29 21 20
20 43807 364 1752 364 438 364 110 95 49 44 28 27
30 41830 374 1673 374 418 354 105 93 47 45
40 40913 384 1637 384 409 348 102 92
50 40384 394 1615 394 404 345 101 93
60 40040 404 1602 404 400 344 100 94
70 39798 414 1592 414 398 344 100 95
80 39619 424 1585 424 396 344 100 97
90 39481 434 1579 434 395 345 101 100
100 39371 444 1575 444 394 345
120 39208 464 1568 464 392 347
240 38807 584 1552 584 388 364
*Es = Es(n),"Ep = Ep(n)
K2=1
c=0.01 c = 0.05 c=0.1 c=0.2 c=0.3 c=0.4 c=0.5 c=0.6 c=0.7 c=0.8
no Es Ep Es Ep Es Ep Es Ep Es Ep Es Ep Es Ep Es Ep Es Ep Es Ep
10 51174 354 2047 354 512 178 128 50 57 26 32 18 21 14 15 12 12 11
20 43807 364 1752 364 438 160 110 51 49 30 28 23
30 41830 374 1673 374 418 160 105 56 47 36
40 40913 384 1637 384 409 164 102 61 47 43
50 40384 394 1615 394 404 169 101 68 52 51
60 40040 404 1602 404 400 174 100 74
70 39798 414 1592 414 398 180 100 81
80 39619 424 1585 424 396 186 100 87
90 39481 434 1579 434 395 192 101 94
100 39371 444 1575 444 394 199 105 102
120 39208 464 1568 464 392 211
240 38807 584 1552 584 388 290
k2=2
c=0.01 c = 0.05 c=0.1 c=0.2 c=0.3 c=0.4 c=0.5 c=0.6 c=0.7 c=0.8
no Es Ep 128 Ep Es Ep 128 Ep 128 Ep Es Ep Es Ep Es Ep Es Ep Es Ep
50 40384 394 1615 364 404 121 101 61 52 51
60 40040 404 1602 369 400 129 100 69
70 39798 414 1592 375 398 136 100 s
80 39619 424 1585 382 396 144 100 85
90 39481 434 1579 389 395 152 101 93
100 39371 444 1575 396 394 159 105 102
120 39208 464 1568 410 392 175
240 38807 584 1552 503 388 270

174
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Appendix A

Sign correction of unbiased estimator X when X ~ N (u, k2u2), u > 0.

We will conveniently drop the suffix n from a,, b,, s1(n), sa(n), t1(n), and to(n)

n (2). Let
. faX fX>0
Tl X ifX <0
be an unbiased estimator of u, where b < 0 < a. First note that,

:u _afo /27rk2 z/n p{ 2k2 z/n}dx
+bf_oo \/%IJQT/” exp{— 2k2 2/ }d:E

(Z—p)* \ 3~
=aly @ \/m exp{— gz 14T
_ 1 (z—p)? _
+bf—oo~”” T P mim e AT
Upon substituting u = W, we obtain

1) = b k exp{——jdu
B(p) = [/ e r xp{ }d NI

Vn/k
Y / j—‘i% exp{~~ }du+u<1—¢><ﬁ/k>>1

"} (Vi k)] + byl

k
= ua ex
pal o= exp{—g5
= p(asy + bsa)

k n
__° 1—

(A1)

(A.2)

O(vn/k))]

(A4)
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Therefore, the choices of a and b are restricted to asy + bsy = 1 such that b < 0 < a,
where s; and s9 are as defined in (2). Next, we compute

V() = E(@?) -

= @12 e Gty
+b2[/_000[(f—u)2+2(f—u)u+u2]\/ﬁm ol 2 ar] -7

= il el ) + e
- (- 2k2}+”+n’“2< L a(Va/k)] - 1)

= p%(a®t; + by — 1) (A.5)

By Cauchy-Schwarz Inequality,

52
(t1a? —|—t2b2)(t1 +32) = (a 811+b82)
>

i.e. (tla +t2b2) - 2 (A6)
(F+32)
”=" holds iff /t1a = c% and /t2b = c% with ¢ a constant. This leads to the
choices of a and b for minimum V' (/i) as
O = o o 51/t12
s7/t1+s5/t
B 1/812"/‘t22/ 2 (A7)
- 8%/t1+8%/t2

where a > 0. Next we show below that b < 0 which establishes our claim. For given
k, let l(z) = \/ﬁ exp{—5tz} + ®(Vz/k), x € RT. Since

V@) = (-3 exp{5) + (= k) exp{58)] + i exp{} (K)o
— —\/LT(%) 732 exp{—z/2} <0 s
A8

I[(x) is a decreasing function. In addition, le l(x) = 1. Therefore, then I(z) > 1.

Hence, for any positive integer n, so = 1 —[(n) < 0. Additionally, t2 > 0; therefore,
b<0.0

exp{—5r5} + B(Va/k) = 1 (A.9)

n—00 n—o0 \/2mn

Note that lim a, =1, and lim bys2(n) = 0.
n—oo n—oo
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Appendix B

Proof of the claim that the proposed estimator p* follows asymptotic normal distri-

bution.

We know that VZ‘;‘IS ~ x(n — 1), then

_ klplg(n —1)
Vn—1

where g(n — 1) =

S klplg(n—1)

Zy = nl — asym N(0,1)
k|l /1 — lg(n—1)]

n—1

S can be written as

where Z,, ~ N(0,1). Then h(S, X) can be written as

h(S, X) = sgn(X) 3ty

7 kg(n—1)
_ sgn(X)A|p|[Zn(y/n—1—[g(n—1)]*)+g(n—1)]
- g(n—1)
Let
Z*
" \/ \u\ )
_ cnh( SX +(1 cn)X—p
Vun)lpl B B
= Bpsgn(X )Z + Ynsgn(X) + 0, X + 6,
where,
,8 _ cnAy/n—1—-[g(n—1)]2 ~ — cnA
" ol 1>\/13<n> " \/vw) o
611 _1=Cn __ en — nl"
\/ v(n)|ul \,u\ \/v(n \u\ [l
where 0 = \1/:;—;), and 0 = —W. By Lemma 2.1,
g(n) 2k?

n—00 2" nS

lim {n — [g(n)]2} = 5, lim m (42} =1, Jim e =

2k2 4+ 1

(B.3)

(B.4)

(B.7)
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. 2 2,2 9 . . an\/n— - [g(n_l)]2 2 1—¢, 2k2/‘2
S TN OB O
- 20 (S

e G T APk aF)+ (- )k

(B.9)
If > 0,

li_)rn {=m—bn—dnp} = li_)m {=m —0n — 03}
— lim {— cRA n 1 _1—cn}
o o) o) vl (B.10)
\/L_e—nﬁkzﬁn—lﬂ
o o _
T =0

It <0, lim {y, =0y = pp} = lim {3, +6; 45, } = 0. (B.11)
For any real number z,

P{Z; <2} = P{Busgn(X)Zy + ynsgn(X) 40, X + 6, < 2}
P{X > 0}yP{BnZn + Yn + 0n X +_9n <z|X >_0} (B.12)
+P{X < O0}P{—fnZpn — Yn + 0n X + 0, < 2|X <0}

Ifu>0,

P{Z! <z} = P{X >0}P{BuZn+ Y0+ X +0, < 2|X >0}
+P{X < 0}P{BnZp + 0+ 6n X + 0, < 2| X <0}
—P{X < 0}P{BnZn +yn + 6, X +0, <z X <0}
+P{X < 0}YP{-BnZpn — Y + 0, X + 0, < 2| X < 0}
— (I)[Z_’Yn_en_én,u

B2+ k2

|4+ P{X < OH{—P[BnZpn +Yn + 6 X + 0, < 2| X < 0]

+P[—BnZp — Y + 6 X +0p < 2|X < 0]} (B.13)

Since li_)m P{X <0} = li_)rn 1—®(vn/k) =0, and —P[B,Zp + Yo + 0 X + 0, <
2| X < 0]
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+ Pl BnZn — Y + 6o X + 0, < 2|X < 0] is bounded,

= O — &
lim P{Z} <2} = lim |2 _1n_"n_ 9k

+ lim P{X < OH{~P[B0Zn + 7 + 6. X + 6 < 2|X < 0]
+P[—B3Zy — Yo + 62X + 0, < 2|X < 0]}
= @) (B.14)

If u <0,

P{Z; <z} = P{X >0}P{BnZn+ v+ X +6, <z2/X >0}
+P{X < 0YP{—BnZp — Y+ 6o X + 6, < 2| X <0}
+P{X > 0}P{—B1Zyp — 10 + 6n X + 0, < 2| X > 0}
—P{X > 0}P{—BnZn — Y+ 0, X + 60, < 2|X >0}
_ (I)[z—i-’yn — 0, — opp

—P[~BuZn — Yo+ 0, X + 6, < 2|X >0} (B.15)

|+ P{X > 0H{P[BnZn + Y + 6u X + 0n < 2[X > 0]

Since li_>m P{X >0} = li_>m 1—®(v/n/k) =0, and P[B,Z, +vn+6n X + 0, < 2| X >
0] — P[~BuZn — Yn + 60X + 0, < 2| X > 0] is bounded,

lm P{ZF <2} — lim @2 2n—bn = 0uty
n—o00 n—o00 //87% + 5%k2ﬂ2/n

+ lim P{X > 0H{P[BnZn + "+ 6o X + 0, < 2| X > 0]

—P[~BuZp — Y + 60X + 0, < 2| X > 0]}
= ®(z) (B.16)

Therefore, li_)m P{Z; <z} =®(z).0
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Appendix C
Establishing the claim that the probability P(] \/“(__)‘T ‘\ < z) is independent of pu.
v(n)|w
Assume p > 0. Let, for given k, Y = Xk—;“ Then X = pY + kp and Y ~ N(0,1).
« W=
Zi, =
' v(n)p
S X)+ (1) X —
v(n)p
cn - segn(Y + k‘)A,fg‘ET V_”l_)l +(1—c)Y+k)—1

v(n)

_ calsgn(Y + k) 420 1] 4 (1— ) (Y + &k — 1) o
v(n)

where Y = # and Sy = =1 > | (V; — V)% The distribution of Z;;, is indepen-
dent of p when g is positive. If p < 0,

zo o= m

v(n)(=p)

e - sgnu(Y + k)AL 4 (1 )(V + k= D — p

v(n)(=p)
_ —cnlsen(Y + k‘)% —1]-1=c)Y +k—1) ©2)
v(n)

The distribution of Z_ is independent of  when pu is positive. Therefore,

cnlsgn(Y + k)% 1]+ (1 -c) (Y +k—1)
v(n)
= P{Z| <20 (€3)

| <z}

P{lZpy|l <zp = Pf



