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Abstract

In this paper the limiting distribution of the jackknife statistics of canonical correlation
coefficient has been studied when the parent population is nonnormal with finite fourth
moments. The limiting distribution of the jackknife statistic of a function of the sample
canonical correlations is also derived.
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1 Introduction

This paper is concerned with limiting distributions of jackknife statistics of canonical
correlation coefficients for a sample from a nonnormal distribution having finite fourth
moments.

Canonical correlation analysis is used to study the relationship between two ran-
dom vectors Uy = (z1,--- ,2p) and Uy = (Tpt1,  Tptq)s (0 < q). Let 1 > p? >
R pf, > 0 be the characteristic roots of the matrix 21_1121222_21221, where

Var(Uy) = X131, Var(Us) = Xag, Cov(Uy,Us) = X9 = 2’21. (1)
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Their positive square roots 1 > p; > --- > p, > 0 are the population canonical
correlation coefficients. It is well-known that p; is the maximum correlation be-
tween two linear functions y1; = @} Uy and y12 = bjUs subject to the condition that
Var(y11) = Var(y12) = 1. Also py is the maximum correlation between y91 = abU; and
y22 = byU, subject to the conditions that y91 and y9o are uncorrelated with both yiq
and y12, and have unit variances and so on. The variables y;1, y;2 are the ith canonical
variables (i = 1,---,p). Let the (p + q) x 1 vectors Xy, -, Xy denote a random

sample from a (p + ¢)-variate nonnormal distribution with mean p = (p1,- -+ , fiptq)’s
covariance matrix > and finite fourth moments, where
Z‘l:<211 212>' )
Y1 X2

The sample canonical correlation coefficients 1 > r1(S/n) > --- > r,(S/n) > 0 are the
positive square roots of the characteristic roots of 51_1151252_21521, where n = N — 1.
The S11(p X p), S22(q x q) and S12 = S);(p X q) are the submatrices of S partitioned
in the same manner as (2) of ¥. That is,

N
5= 30— -xy = (g1 52 ), ®)

a=1

where X = (Z.1,-++ ,Z.pyq) = N7 ! Zivzl X4, and Z.; = N1 Z]kvzl i, (J=1,2,---,
p + ¢). The main purpose of this paper is to derive the limiting distribution of the
jackknife statistic of TJZ(S /n). The jackknife statistic was originally defined by Que-
nouille [13] to reduce the bias of an estimate. Then Tukey [15] proposed the general
use of this technique to obtain approximate confidence intervals for problems where
standard statistical procedures may not exist or are difficult to apply. This paper is
related to Tukey’s confidence interval or testing hypothesis rather than Quenouille’s
bias reduction.

A nice review has been written by Miller [7]. Also Parr and Schucany [12] and
Frangos [5] have given a list of references on jackknife statistics. It seems that the
jackknife statistics which deal with eigenvalue problems of covariance matrices have
not been studied by many authors. Dempster [4] derived the bias correction of the
canonical correlation under the multivariate normal distribution. More than 20 years
ago, Nagao [9], [10], and [11] gave the limiting distribution of eigenvalue problems of a
covariance matrix and also of a correlation matrix under the nonnormal situation. Also
Beran and Srivastava [1] have treated some problems of eigenvalues and eigenvectors
of a covariance matrix without normality by using bootstrap method. Recently Das
and Sen [2], [3] wrote interesting papers about the nervous system, where they applied
the resampling method to the canonical correlation analysis.
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2 The limiting distribution of the canonical correlation

The pseudo-values and the jackknife statistic of the jth root T’?(S /n) are given by

e =15(S/n) + (N = D){ri(S/n) = r}(S—a/(n =)}, (a=1,--- ,\N)  (4)

and
N
2oty
i N J,a
a=1

respectively, where S_, corresponding to S is a (p + ¢) X (p + ¢) matrix which is
obtained by deleting X, = (a1, - ;Zaptq) from the random sample Xy, -, Xy.
Then S_, is given by

Sa= (55) = S = g (Xa — X)(Xe — X )

Also let S;j4(i,j = 1,2) denote the submatrices of S_, partitioned as in (3). Here we
give the limiting distribution of 77]2-. Since the problem is concerned with eigenvalues of

21_1121222_21221, we can assume the covariance matrix ¥ such that ¥y = I,,, Yoo = I,
where I, denotes a p x p identity matrix, and X192 = (P,0), where P = diag(p1, ..., pp).
Then we have

N
Vi(# = 08) = Vit (s/m) - ) + YT S 2 m) (s /- 1)), (6)

a=1

When p; is a nonzero simple root, Muirhead and Waternaux [8] have shown that
the first term of (6) converges in law to a normal distribution. Thus we will show that
the second term of the R.H.S. of (6) converges in probability to zero. In order to expand
7’]2-(5_,1 /(n — 1)) about S/n, we apply the implicit function theorem. We consider the

equation F(S_,/(n—1),7?) = |Sl_1%a51270«52_21,a521,0« —r2I,| = 0. At first we will show
that the equation can be solved for r2 around (S/n, 7‘]2(5/71)) Then F(S/n, r?(S/n)) =
0. The partial derivative of F(-) with respect to r? under (S/n, 7‘]2-(5 /n)) is given by

F2(S/n,73(S/n)) = Y_|Cil, (7)
i=1

where C; is the matrix obtained from C = 51_11 51252_21521 — TJZ-(S/n)Ip by replacing ith
column with (0,...,-1,0,...,0)" having -1 for the ith element. Since 72(S/n) — p? (i =
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1,...,p) in probability, the expression (7) converges to

-1 o 0 Pt — P | 0

0 p3—pj
. +---+ 9 9
pp—l - p]
0 O Py — P O -1 (8)
p
H o p]
1=1,i#7

Thus if p? is a simple root, for large N we have F» (S/n,r?(S/n)) # 0 in the region
HS/n—Zﬂ < € for a suitable norm ||-|| and some € > 0. Let (t},) = S_q/(n—1) —S/n.
Then by Chebyshev’s inequality, since the fourth order moments are finite, we can
easily show that

P( sup |[tiy| >€) —0 as N — oco. 9)

1<a<N

Thus, for all @ (1 < a < N), we can expand the function r; 2(S_4/(n—1)) around S/n,
and get

j a 1 a j a
r}(S_a/(n—1)) =713(S/n) + > gl (S/n)tf, + 5 <tre> CY) <ty >, (10)
k<t

where gig(S/n) = SW”(S/n,T (S/n)), each element of a w X w matrix c{ with
w = (p+q)(p+q+1)/2 is the derivative of giZ(S/n) evaluated at the elements of some
matrix between S/n and S_,/(n — 1) and < age >= (a11,- - ,app, 12, ,Ap—1,p)-

Since
Ske N

Z(sz:l tZz = thzvzl{(N — 1)(N — 2) - (N — 1)(N — 2) (wak k)(xaf _‘TZ)}

B N sy B N sy
C(N-1)(N-2) (N-1)(N-2)

=0,
(11)

we only have to show that the expression

Z{T (S/n) = r3(S—a/(n = 1))}
(12)
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converges in probability to zero. Since for large N, each element of C’C(Lj ) is bounded, by
the continuity of the derivatives of gi,(-) and the convergence of S_,/(n—1) uniformly
in a, by using Schwarz’s inequality, we have

the absolute value of R.H.S. of (12) < C(P,p+ q)

NN SN S Sy (13)
N — n-1 n ’
where C'(P,p + q) is a function of P and p + ¢. Then from (5) we have
_ “12p N o
R.H.S. of (13) = C(P,p+q)(N — 1) (m)
(14)

N
x{% S t((Xa — X)(Xa — X)'J2 — tr(S/n)?}.

a=1

Since the fourth moments of X, are finite, the above expression (14) converges in
probability to zero. Thus we have

THEOREM 2.1. Let the (p+q) x 1, (p < q) vectors X1, -+, Xy denote a random
sample from a (p+ ¢)-variate distribution with mean p, covariance matrix 3 and finite
fourth moments. If the jth canonical correlation p; is a non-zero simple root, then we
have

\/ﬁ(sz - ,03) — N(0, Tjj)v (15)

where

p+j.p+i p+ip+i g+ dpti 2, 0P+
Tjj —p](/ij]+lip+]p+]+2li ) — 4p]( +/£p+jpﬂ)+4p] e (16)

with /ﬁ: = Cov((za — pa) (T — piv), (Te — p1e)(Tq — pa))-

Ji _  p+ipti _ Jpti _ p+] p+i _
In case ofrnormal Jcrhstrlbutlon since Kj; = Ky, i1 = 2, K}] i = 1+p],
Js 9 P Pt _ o, ,
2,0] and r; Kptiptj = 2pj, we have 7j; = 4,0j( pj) .
N

3. The convergence of Z(r? r]2)2/(N —1)

a=1
‘We will show that
N
Z(sz}a _ fJZ)?/(N — 1) — 75 in probability. (17)
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Now we have

1 N (18)
= (N = 1) 205, (r3(S-a/(n = 1)) — N > (S a/(n— 1))
a=1
If p; is a simple root, by the implicit function theorem, we have
r}(S_a/(n— 1)) =12(S/n) + Y gl (&)t = 15(S/n) + Us + Va, (19)

k<t
where &) is some matrix between S_,/(n — 1) and S/n. U, and V, in (19) are given
by
U = S dl 5/t
k<t

and (20)

Vo= Z gkg &) gké (S/n))the-
<t

Thus we have

N
R. H. S. of (18 )Y (Ua+Va—V)? (21)
a=1

where V = N1 Zivzl Va. First we consider the sum (N — 1) Zflvzl U2. After some
simplification we have

(N=1)X0, U2 =" gl(S/n)gl,(S/n)

k<t t<u

N

N
2 Z xak — . k xag — f.g) (22)
a=1

X(l‘at — J_J.t)(iﬂau — ju)/(N — 1) —

&7 S/ (N = 2))(sie/ (N = 2))].

Next we will give the values to which gZZ(S /n) converges in probability. In order
to get them, we need a well-known lemma (see for example, Srivastava and Khatri [14,

p. 28]).
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LEMMA 3.1. Let S = (s;;) be a p x p nonsingular symmetric matrix. Then

-1 C(edl ) . .
95— { (sis} + sjs7) i#j (23)

0si; —5i8] =7

where S71 = (s1, -, 8p).
After some tedious calculations we see that giZ(S/n) converges in probability to
the following values:

—p;  k=l=j, k=l=p+]
gl,(S/n) = 2p; k=0—p=j (24)
0 otherwise.

Thus we have

N
(N —-1) Z U? — 7j; in probability.
a=1
Next we consider (N — 1) 251\7:1 V2. Since &) converge in probability to X for all

1 <a< N when N — oo, for large N we can get |gig(£g) - giZ(S/n)| < e for any
€ > 0. Thus from Schwarz’s inequality, we have

N
(N = DYV < SO =50+ )+ 1)

N
xtr{N?Y_[(X, — X)(Xa — X)]* = NS}

a=1

1
(N-1)(N-2)

2.

Since the fourth moments are finite, (25) converges in probability to zero. Also
from EiV:l(Va —- V)2 < Zivzl V.2 and Schwarz’s inequality, the other terms also con-
verge to zero. Thus we get the following:

THEOREM 3.2. Under the assumptions of Theorem 2.1,

N
Z(sz,a - f?)2/(N — 1) — 75; in probability. (26)
a=1

From Theorems 2.1 and 3.2, follows
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THEOREM 3.3. Let the (p + ¢q) x 1 vectors X1, -+, Xy denote a random sample
from a (p 4+ gq)-variate distribution with mean p, covariance matrix ¥ and finite fourth
moments. If the jth canonical correlation p; is a non-zero simple root, then we have

(1} - pj)

N —
\/Za:l(rjz,a - 'r']2,)2

— N(0,1), as N — oc. (27)

3 The jackknife statistic of a function of the sample canon-
ical correlation coefficients

In this section we generalize the above results for a function of eigenvalues of Sl_l1 51252_21 S91.
Let f(-) be a real-valued function with the second continuous derivatives in some
neighborhood of (p?,--- , pf,). By using the notations of the previous sections, the

pseudo-values and the jackknife statistic of f(r(S/n),--- ,r3(S/n)) are given by
foo=fiS/n), 1 (S/n)) + (N = D{f(r3(S/n), - 13 (S/n))
_f(r%(s—a/(n — 1)), ,TZ(S—a/(” -1))}, (a=1,---,N)

and (28)

1 X
fzﬁaglf,

respectively. First we will derive the limiting distribution of f. Since the method
used is similar to the above, we only sketch the proof. Expanding f(r?(S_./(n —
1)),--- ,rg(S_a/(n —1))) around (7?(S/n), - ,rg(S/n)), we have

Fi(S—a/(n 1))+ ;1p(8—a/(n = 1)) = f(r{(S/n), - ,1r5(S/n))

FS A SRS ), S + 5D A Aak F(Ea),

j=1 jk=1

where Ag; = r2(S_o/(n — 1)) = 12(S/n), fi(p1,-- .py) = %f@h SR
J

0
fir(pr, -+ pp) = 8—pfk(ﬂl7‘-- ,pp) and &, is a point on the line segment between

the vectors (r%(S/n),] ,72(S/n)) and (r}(S—_a/(n —1)),- - ,rg(S_Ci/(n —1))). Then
the term eliminating /n(f(ri(S/n),--- ,r2(S/n)) — f) from /n(f — f) with f =

flp3, -, pl%) converges in probability to zero if all p? are non-zero simple roots. Since
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r]2() is a continuous function, £, converge in probability to (p%, S ,,of,) uniformly
1 <a < N. Hence by the assumption, |f;r(£.)| are bounded (a = 1,..., N) in some
neighborhood of (p?,- - - ,,0?,). Thus we only show that for j =1,--- ,p,

Z{r —a/(n—1)) — 7‘?(5/71))}2 — 0 in probability. (30)
Lot S {r2(S-a/(n — 1)) — r2(S/n)}? = Q; + Ry, where
Z{r —a/(n—1)) 1Zr (S—a/(n —1))}?

and (31)

Rj = N{r3(5/n) — 12 S_a/(n—1))}>.

Then from Theorem 3.2, /n(N — 1)N_1Qj — 0 in probability. Since /n(N —
)N7IR; = (N—l)_l/Z(FJQ- —7"]2-(5/71))2, we have the desired conclusion (30). Therefore
we have

THEOREM 4.1. Let the (p + ¢q) x 1 vectors X1, -+, Xy denote a random sample
from a (p 4+ gq)-variate distribution with mean p, covariance matrix ¥ and finite fourth
moments. For any function f(-) with continuous second derivatives in an open set
about (p?,--- ,,0?,), if the population canonical correlations satisfy 1 > p; > -+ >
pp > 0, then we have

vn(f—f) = N(0,7%), (32)
0

where 72 = Y0\ fifimij, fj = 55 f(01,-- . p0), f = flpl,-- . pp) and 75 (i,j =
Ip;

1,--+,p) are given by

2 JJ p+J,p+j Jj p+J,p+Jj
Tij = pipy("i + Ky +Hp+2p+z+"ip+2p+z)
J,p+J J,p+i p+3j,p+j
_2pz IOJ( + I{p—i-z p-H) - 2,0ij( 1,p+1i + K; ,p+i ) (33)
Jpt+7
T4pipjkip ;-

Next we shall investigate the convergence of Zflvzl( fe—£)?/(N —1). We have

FOHS—a/(n=1)),- ,rp(S—a/(n=1))) = F(r1(S/n), - ,rp(S/n) + D Agj (&),
j=1
(34)
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where &, is a point on the line segment between the vectors (r{(S/n),--- ,r2(S/n))
and (r?(S_¢/(n—1)),--- ,7’12,(5_(1/(71 —1)). Then we have

N

N
- = = D

a=1 a=1 j

P
(Uaj = Usj + Vag = V3))*}, (35)

=1

where Uaj = Ao f5(r3(S/n), - ,73(S/n)), Vaj = Aaj(fj(8a) = £5(ri(S/n), -+,

r2(S/n))), U; = N1 Zi\;l Uy and V,; = N~1 Zi\;l V- Using (24), after some

tedious calculations, we have

(N=1> {D (Usj — U;)}> = 7> in probability. (36)

a=1
fi(r3(S/n),--- ,r2(S/n))) converges in probability to zero for all a when N — oo.
The convergence in probability of the term to zero follows from Schwarz’s inequality.
Therefore by using the notation of Theorem 4.1, we have

Also (N —1) S22 ¢ o (Vay — V;))? converges in probability to zero since (f;(&,) —

THEOREM 4.2. The statistic > (f* — f)2/(N — 1) converges in probability to
72, if all nonzero p; are distinct.
Accordingly from Theorems 4.1 and 4.2 we have

THEOREM 4.3. Let the (p + ¢q) x 1 vectors X1,---, Xy denote a random sample
from a (p + g)-variate continuous distribution with mean p, covariance matrix ¥ and
finite fourth moments. If non-zero canonical correlations p; are all distinct, then for
any function f(-) with continuous second derivatives about (pf,--- , p2), we have

n(f - f)

VI (fe - fp?

where f = f(p3, - ,p?,) andn=N —1.
Similarly we have

— N(0,1), (37)

THEOREM 4.4. If non-zero canonical correlations p; are all distinct, then we have

=2 2 =2 2\OH—1/=2 2 =2 2\/ 2
n(rl_plv'“7rp_pp)9 (Tl_plf"vrp_pp) —>Xp7

where X129 is chi-square distribution with p degrees of freedom and the elements 7;; of
the p x p matrix {2 = (7;;) are given by

N
. 1 _ _
Tij = N —1 Z(Tiz,a - Tiz)(rjz,a - 7‘]2) (38)

a=1
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4 The jackknife statistic when sample size N = gh with
fixed ¢ and h — oo

Finally we consider the case of the size N = gh where the group ¢ is fixed and h is a
sample size in each group with A — oco. The previous problem is the case g = N — oo
and h = 1. Let the (p + ¢) x 1 vectors Xy, , Xp, - s X(g—1)h+1, " s Xgn denote a
random sample from a (p + g)-variate distribution with mean p, covariance matrix X
and finite fourth moments. S~¢/n, denotes the unbiased estimator of ¥ based on a
random sample obtained by deleting the ith group sample X(;_1)p41,- -, Xin, where
ng = h(g — 1) — 1. Then the pseudo-values and the jackknife statistic of 7‘?(5 /n) are
given by
iy =gr3(S/n) = (g —)ri (S~ /ng), (i=1,---,9)

and
(39)
1,
=2 _
"5 = 52%‘7
i=1
respectively. Then S~* is given by
N h2
—i _ % o i V(Y WV
§7 = gj_l(xa X) (Ko = X) = 7 (X = D)(X' = X), (40

where X" = h71 Y 1 X, and A; denotes the set {(i — 1)h +1,...,ih}. Now, if non-
zero p; is a simple root, using perturbation method (for example, see Dempster [4],
Konishi and Gupta [6]), then for any sample covariance matrix S/n, we have

3'7 + S'+ 7.+
PBS/n) = 2+ 2y (B ) - LI )

n
Si s (41)
—(ZE 1)+ Op(n7).
On the other hand, as h — oo,
hh? o
(N\/_ih)n(Xz - X)(X'"-X) — 0, in probability. (42)
- g
Thus from (40), after some calculations, we have
’Ui» : 'Ui . .
3= 05+ 20i( 0 = py) = g (PP 1)
(43)

Vi
=pj(55 = 1) + Op(ng "),
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where v}, = ZaEAi (Tqp — T.1)(Tqe — T.0). Now putting ', = h~! Z?:l T(i—1)g+jar W
have . . . . .
Vhe = Y (Tak — Bp) (@ae — ) + h(E), — T4) (T — Z0). (44)
a€A;

From (42), the second term of (44) times 1/v/h converges in probability to zero. Thus
for each j we have
Vh(r}; = p}) = N(0,75), (45)

where 7;; is given by (16). Noting that A; N A; = ¢ (i # j), we can show that

7’2-2’ j (1 =1,...,9) are asymptotically independent. Therefore we have

THEOREM 5.1. Let the (p + q) x 1 vectors Xy, , Xp, -+, X(g_1)ht1,
-, Xgp, denote a random sample from a (p + g)-variate distribution with mean pu,
covariance matrix X and finite fourth moments. If p? is a non-zero simple root, then

we have
VI = p)
\/Zgzl(ri%j - 5]2,)2/(9 -1

where t;,_1 denotes a t-distribution with (¢ — 1) degrees of freedom.

— tg—lu (46)
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