International Journal of Statistical Sciences ISSN 1683-5603
Vol. 10, 2010, pp 1-8
(© 2010 Dept. of Statistics, Univ. of Rajshahi, Bangladesh

Concomitants of Record Values from Marshall and
Olkin’s Bivariate Exponential Distributions

Jagdish Saran and Aparna Pandey
Department of Statistics
University of Delhi
Delhi - 110 007, India

[Received October 25, 2007; Revised April 23, 2009; Accepted June 29, 2009]

Abstract

In this paper the probability density function (pdf) of the concomitants
of n-th record values for Marshall and Olkin’s bivariate exponential distri-
butions have been derived. The moments of these concomitants have also
been derived. Further, their means and variances are tabulated.
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1 Introduction

The study of concomitants of record values was initiated by Houchens (1984) and is
precisely parallel to that associated with concomitants of order statistics (see David
and Nagaraja (1998)). Various developments on concomitants of record values and
their properties have been reviewed by a number of authors including Kamps (1995a),
Ahsanullah and Nevzorov (2001) and Ahsanullah (2005).

Let us consider i.i.d. bivariate observations (X1,Y7), (X2, Y2),... from some bivari-
ate population with common joint cdf Fx y(x,y). For convenience, we will assume
that I is absolutely continuous with joint pdf fx y (z,y) and the family of conditional
densities of Y given X = z is denoted by Fy|x(y|z). To define the n-th lower record
R}, of the sequence X1, Xo, ..., let the sequence of record times be defined as follows:

To =1, with probability 1,
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and for n > 1,
Tp=min{j:j>T,1,X; < Xrp,_, }.

Then R], = X7,,,n =0,1,2,... denotes the corresponding lower record value sequence.

The corresponding random variable Y, observed with the X value which qualified as

the n-th lower record is called the n-th record concomitant and is denoted by an}.

The probability density function (pdf) of the n-th record concomitant is given by

Ir!

@ =5 | Bl fx(@)[- log P (@) 'da, 1)

(cf. Arnold, Balakrishnan and Nagaraja (1998, p.272)), where fx(z) and Fx (z) denote
the pdf and the cdf of X, respectively.

Further, let F (R/(p )) denote the p-th moment of R] , which can be computed using
the followi It " .
e following result:

E(R/[Sf]))) = ;,/_OO E[YP|X = z]fx(x)[—log Fx(x)]"dx. (2)

In the present paper we consider Marshall and Olkin’s bivariate exponential dis-
tributions (Johnson and Kotz (1972), p.266) with cdf given by

Fxy(z,y)=exp{Mz+Ay+Aiamin(z,y)}, z,y<0; A, A2, A2 >0, (3)

and derive expressions for the pdf and moments of the n-th record concomitant from
this distribution. Further, the means and variances for n = 0,1,2,...,10 have been
computed for the case A\ = 1, Ao = 1, A1o = 1. We shall also derive an expression for
the moment generating function of R{ . for the considered distribution. Finally, some
results for the concomitants of the k-lower record values have been obtained.

The cdf given in (3) can be rewritten as (cf. Beg and Balasubramanian (1996,
1997))

exp{ A\ + Aoy + Aiaz}, 7 <y <0,

4
exp{ iz + Ay + A2y}, 0> >y, @

Fxy(z,y) = {

and the pdf is given by

)\2(>\1 + )\12) exp{)\lx + )\Qy —+ )\1256}, T <y< 0,
Ixy(@,y) = ¢ M(A2 + Ai2) exp{A\iz + Aoy + A2y}, 0>a >y, (5)
A12 exp{/\1 + Ao + )\12}%'7 T =1.
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The conditional pdf of Y given X is as follows

A2 exp{ Aoy}, r<y<O0,
A1 (A2 + Ai2)
fY\X(y’x) = m
A12
(A1 + Ai2)

The marginal cdf of X is given by
Fx(z) = exp{(M + A12)z} ,—o00 <z <0. (7)

exp{(A2 + A12)y — Az}, 0> >y, (6)

exp{ A2z}, T =1y.

2 Probability Density Function of an}

The pdf of n-th record concomitant for Marshall and Olkin’s bivariate exponential
distributions (4) can be obtained from (1) on using (6) and (7), and is given by

[n] n!

(_1)71 v n+1 n
fre (y) = / Ao exp{ Aoy} (A1 4+ A2)" " exp{(A1 + A\i2)z}a"dx

1" 0
+ ( n,) / )\1()\2 + )\12) eXp{()\Q + )\12)y — )\121‘} ()\1 + )\12)n
: Y

x exp{(A\1 + A12)x}z"dx

+ P A exphan) O+ A02)" exp(0s + M)y (®)

Further, on solving the integrals in (8) and simplifying the resulting expression, we
obtain

_1)n
fR[n] (y) = ( n') A2(M1 + Ai2)" T exp{ Aoy}
y yne()\1+>\12)y nyn—le()\1+>\12)y N +( . n!e()\1+)\12)y
(A1 + A12) (A1 + Ai2)? N (A1 4 Ap2) !

+ (_1)nA1()\2 + A12) (A1 + Ar2)" exp{(A2 + A12)y}

n!
y |:_ yne)\ly nyn—le)qy B B n+1n!e)\1y:|
5 R s}
A1 )‘1 )‘1

1
+ F()\Q + )\12)()\1 + )\12)n eXp{()\Q + )\12)3/}
1

(1)
n!
It can easily be verified that [ fRf ](y)dy =1.

+ A2(A1 + A12)"y" exp{(A1 + A2 + Ai2)y}- 9)
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3 Moments of an]

On using (6) and (7) in (2), we obtain
_1\(n) 0 ,ntp, (A1+A2+Ai12)y
/(p) _( 1) n+1 / y e
E(R[n} )= oy A2(A1 + Ai2) ! . On + ) dy

/0 nyn+p—16(>\1+/\2+>\12)y
— oo ()\1 + )\12)2

" 0 n!ype(h-&-)\z-l—)\m)y
dy+ ...+ (—1) /Oo ()\1+)\12)n+1 dy

0 yn+p6(>\1 +X2+A12)y

-1 (n)

+ (=1 A1(A2 + A12) (A1 + A12)" —/ dy
n! — 00 )\1
0 nyn+p—16(>\1+/\2+>\12)y _— 0 n!ype(kl+>\2+>\12)y

-l-/ 2 dy—...+(—1)+/ e dy

—o0 1 - 1

1 0
+ oy (A2 A2) (M + Arg)" / yPelatrizlugy

1 —00

(_1)n n 0 n+p (A1 +A2+A12)y
+ o )\12()\1 + /\12) Y e dy, (10)

forp=1,2,... .
On simplifying the expression in (10), we get
—1)P T(n+p+1)
EERD) =000 42 "H[
W) = e z) (A1 4 A12) (A1 + A2 + Ag)ntrl

N nl'(n +p) - n! I'lp+1) ]

(A+A12)2(A1 + X2+ A2)™ P 7 (A A+ A)" T (A + A+ A )Pt

(—1)p+t F(n+p+1)

A1+ A2)" (Mg + A

M ) (et ) A (A1 + Ag + App)ntptl
L I'(n+ p) N n! I'ip+1) ]

AF (AL + A+ Agg)nte T )\?H (A1 + Ao + Apg)Ptt

(=1)F I'(p+1)
+ A+ A1) (A + A 7 S——

+(—1)p)\12()\1 + A12)? P(n+p+1)

11
! O+ da £ dgg)epr (11)

forp=1,2,... .
The means and variances of R’[n] have been tabulated in Table 1 and Table 2,
respectively.
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Table 1: Mean of the concomitant of record values
n 0 1 2 3 4 5 6 7 8 9 10
mean|—0.5000|—0.6667|—0.7778]—0.8519/—0.9012|—0.9342|—0.9561(—0.9707|—0.9805|—0.9871{—0.9961

Table 2: Variance of the concomitant of record values
n 0 1 2 3 4 5 6 7 8 9 10
variance | 0.2500 | 0.3333 | 0.4320 | 0.5336 | 0.6281 | 0.7103 | 0.7786 | 0.8333 | 0.8760 | 0.9085 | 0.9329

/

4 Moment Generating Function of R[n]
The moment generating function M R| ](t) of R’[n] is given by
Mp, (t) = E(exp(tRj,))

[n]
(_1)71 I /0 yne{()\1+/\2+>\12)+t}y
= Ao(A1 + A2)" d
ol 2( 1 12) . ()\1+>\12) Y

0 yn—le{()\l +XAa+A12)+t}y 0 o{Mi+A2+X12)+t}y
—n/ dy+ ... +(—1)”n!/ Yy
oo ()\1 + )\12)2 — o0 ()\1 + )\12)71+1

(_1)n 0 yne{(A1+)\2+/\12)+t}y
+ A(A2 + A12) (A1 + A2)" | — dy
n! P Al
0 ,n—1 {(/\1+)\2+)\12)+t}y 0 {(/\1+>\2+)\12)+t}y
Yy e n+1 €
+n/ dy — ... +(-1) n!/ — y
e )\% o )\1+1
1 0 —1)"
+ V()Q + M2) (A1 + )\12)"/ ePatdzty gy o ( n') A2(A1 + A2)"
1 —00 :
0
% / yne{()\1+/\2+>\12)+t}y dy,
which on simplification reduces to
1 I'(n+1)
Mp (t) = —=Xa(A1 + A "+1{
Rlnl( ) n! 2(A1 + Asz) (A + A12) (A1 + Ao + Ao +8)n L
N nl(n) I n! 1 ]
A1+ 222N+ X2+ A2+ 60" 7 (A A2)"TE (A A+ Ae+t)

1 1 I'(n+1)
+ =M+ A2) (A2 + M2) |-
p A A2 12)[ A (A1 + A2 4 Mg + )T

n I'(n) ol 1 ]
MM +X+dp+0m 0 AT+ A+ A+ 2)
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1 1 A12(A1 + A12)”
4+ — (A +A2)" (Ao + A
Nf( 1+ A12)" (A2 12)(>\2+)\12+t) "

y I'n+1)
()\1 + X2+ A2+ t)""’l '
Differentiating (12) p times with respect to t, we get
dr —1)P n 'n+p+1
ﬁMREn] (t)= (n!))\Q()\l + A12) 1 {O‘l i )\12)<)\1(+ )\§+ )\32 F t)ntpt
nl'(n +p) n!
(A 4+ A12)2(A1 + A2 + Ag +t)ntPp e (A1 + Agg)n
I(p+1) (—1)r+
(A1 4+ A2+ A2 + t)erl} n!
F'n+p+1) el I'(n+p) n
ML+ A2+ A2 + )L T A2 (A + A+ A H )R T
n! r 1 —1)P
T Ou Az(i ;2)+ t)p“} + /\’f) Pt ) Are)
L'(p+1) (=1PAr2(M + Ar2)" P(n+p+1)
(A2 + A2 + t)Ptl n! (A1 +Aa+ Ao + t)ntptl’

+

A(A1 4+ A12)" (A2 + Ai2)

which on setting ¢ = 0 gives an expression for E(R/[g]?) ), thus verifying (11).

5 Concomitants of K-Record Values

To define the k-record values, let Ty = k and T,4) = min{j : j > Lo 1(k)
Xj g1 < XTn_ukrkJrl:Tn_l(k)} where X, is the j-th order statistic of the ran-
dom sample X1, Xo,...,X,. Then R;@(k) = XT, ) —k+1:T, i, 18 defined as the n-th k-
lower record (see Dziubdziela and Kopocinski (1976)). These statistics are contained
in the model of generalized order statistics (Kamps (1995b)).

Let an(k)] denote the concomitant of the n-th k-lower record value. On using the

density function fan(m] (z) of an(k:)] given by

fr (z) = /_OO leX(y|x)fR;(k>(x)da:,

where f R (x), the density function of R;(k) is

k™ _
IRy (@) = rl= log Fx (2)]" [Fx ()" fx (),
(cf. Pawlas and Szynal (1998)) and applying the same procedure as used in Sections
2 and 3, we obtain expressions for the pdf and the moments of R’[n(k)] as given in the

following two theorems.
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Theorem 1.
ynek()\1+)\12)y
k(A1 + A12)

n—lek()\1+)\12)y n n!ek’()\l-‘r}\lg)y ]

(y) = (_k)n)\z()q + A12)" M exp{ Aoy} [

ol

IR

[n(k)]

E2(A1 + A2)?

(=Fk)"
n!

+..+ (1) kn+1()\1 + )\12)n+1

+

A1(A2 + A12) (A1 + Ai2)" exp{ (A2 + A\12)y}

yne(k)q—l-(k—l))\m)y nyn—le(kk1+(k—1)>\12)y

(kAL + (k — DAr2) * (kA + (k— DA)?

n!e(k)\1+(k_1))\12)y

(k)\l + (k — 1))\12)”+1

+(_1)n+l

k™A1

+
(kA + (b — DAgg)" 1

(A2 + A12) (A1 + Ai2)" exp{ (A2 + Ai2)y}

(=k)"
n!

+ A12(A1 + Ai2)"y" exp{k(A1 + A12) + A2}y

Theorem 2.

E(R/(p) _ (_1)pkn

F'(n+p+1)
(k) =

Aa( A1 + Ap2)" !
20+ ) S RO o+ A

n!
nl'(n + p) n
k2(A1 + A12)2(A2 + k(A1 + Ap))te
n! L(p+1)
T EFIG ) O + RO Ar)PH
N (=D)PFINE™ (A1 + A12)" (A2 + A12)
n!
F(n+p+1)
(/ﬂ)\l + (k‘ — 1))\12)()\2 + k‘()\l + )\12))n+p+1
nl'(n +p) n
kA + (kﬁ — 1))\12)2()\2 + k‘()\l + )\12))n+p o
n! L'(p+1)
kA1 4 (B — 1) A12)" T (A2 + k(A1 + A2))PH!
—1)PE" A
(kM JE (k:)— 1))\112)n+1 (A1 4+ A12)" (A2 + A12)
+k”(—1)p>\12()\1 + A12)" n+p+1)
n! (k()\l + )\12) + )\2)n+p+1 ’

+

X

-t

T

i
I'(p+1)
(A2 + Apg)Ptt

for p=1,2,... .
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Remark 1. Putting £ = 1 in Theorems 1 and 2, we deduce the expressions for the pdf
and moments of concomitants of lower record values already established in (9) and
(11), respectively.
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