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Abstract

In many situations comparisons of two or more populations (treatments) are based on multivariate data
collected from individuals in these populations. Such data vectors (blocks) may consist of measurements
or of ranks. Here we address the problem of making comparisons in the presence of incomplete data, and
develop test statistics for the case of two different population models. Such tests depend on measures
of similarity between incomplete rankings developed in Alvo and Cabilio (1995), and are modelled on
tests developed in Feigin and Alvo (1986) for the case of complete rankings. The properties of these

tests are investigated, and two examples are presented to illustrate the methods.
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1 Introduction

Consider the situation in whichobjects are ranked hy. independent groups of judges, with
each group consisting af, judges,/ = 1,2, ...,m. Each ranking within a group of judges
(blocks) is a random sample from a distribution characterized by a multinomial probability
vectormy = (w1, me2, . . ., men) Whose componentsy; are the probabilities of picking rank-
ings indexed by; = 1,2,...,t!. It is wished to test the hypothesis of homogeneity of these
distributions,

Ho:m1 = ... =T (1.2)

The case in which all rankings are complete has been considered by several authors, and in
particular Feigin & Alvo (1986), who proposed a statistic that measures concordance between
groups based on rank correlations.

In the following we consider the situation where it is wished to test the hypotfiesisn
the more general setting in which one or more of the rankings in each group are incomplete.
The approach we consider is to generalize the Feigin & Alvo (1986) statistic to the incomplete
case making use of the results first obtained in Alvo & Cabilio (1991) for the situation of
testing the hypothesis that rankings assigned in a randomized incomplete block design have
been randomly selected.

In what follows we will restrict ourselves to the situation whete= 2. In Section 2 we
review some of the results in the case where all rankings are complete. Section 3 generalizes
these results to the situation where the rankings are incomplete, and the results form the basis
of tests for two different sample spaces as developed in section 4. Section 5 describes the
computational procedures used for conducting such tests, and section 6 applies such methods
to two different examples.

2 Complete Case

Rankings oft objects labeled to ¢ are permutations ofl,2, ...,t), and for any two such
permutationge; = (u;(1), 11;(2), ..., (), j = 1,2, one may define measures of similarity

A (1, o) Which can be expressed as an inner proddiis,, py) =t (ul)/ t (py) , Where
t =t () is a column vector whose components are scores which characterize the ranking
For example, in the Spearman and Kendall cases such vectors are respectively

) = w0 -5 asise
() = 00y = Bn ) - n @y i <i<is (5) @)

wheresgn (z) is 1 or -1 depending on whether> 0 or < 0, so thata (¢, 7) is the pairwise
concordance of the object pair indexed fay;j) with the natural ordering. The resulting
measures of similarity are unstandardized rank correlations. The collection of score vectors
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t (p), asp ranges over all itg! possible values, form the columns of a maffixso that the
(t!xt!) matrix T'T has componentd (s, p5), With g, andu, ranging over all permutations
of (1,2,...,t). For each sample of, rankingsf, = (fe1, fro, ..., fenr)", whose components
fe; are the frequencies of observed rankings indexed by 1,2, ...,t!, has a multinomial
distribution with mean,w, and covariance matrix,X,, whereX, = II, — 7Tg7'l'/€ with
Iy = diag(me, mea, . . ., Ten). COnsequently, asy — oo

f,
N (ni . m) N (0.5,
and thus

g

VT <fZ - m) —c N (0, TS, T).

Letting N = n; + no, it follows that if N — oo in such a way that,/N — X\, > 0,

f
VNT <4 — w) —c N (0,,'T=,T),

T

so that under the null hypothesig : 71 = o,

VNT <<f1 - m) - <7f5 - m)) =VNT <f1 - f2> - N (0, TET), (2.2)

ny 2 ny n2

whereX = (1/A1) 21+ (1/X2) X». Using this result, which also holds for the less restrictive
null hypothesigt(, : Tw; = Ty, Feigin & Alvo (1986) derived the test statistic

LR O L2 £, f
N<1—2> T (TET’) T(1—2> 3

ny n2 ny n2

where3: is a suitable consistent estimateX®f v is the rank ofTXT’, and (TST’) isthe
Moore-Penrose (generalized) invers€lET’. An alternative statistic is given by

/ v
ni no ni no im1

where they;’s are the eigenvalues @fXT’, andz; are independent standard normal variates.
In practice, the distribution of the statistic(.3) may be approximated by the distribution of
S0 &;22, whered;’s are the eigenvalues @3 T'. In the Spearman case

s (22— 2| = (1) - #O @) n ) - 12 0))

ni no



100 International Journal of Statistical Sciences, Vol. 9s, 2009

wherei(9) (i) = DI 1 (i), the mean of the ranks assigned to objeet 1, ..., ¢ by the

ny judges sampled from populatidn= 1, 2. The statistiq2.3) simplifies to

NS @D @) - 52 (0))>. (2.4)
In the Kendall case,

B\ Lo ey e e ’
[TK (m . m)] — ([a (1,2) —a (1,2)} [a (t—1,0)—a (t—l,t)D ,
wherea") (i, j) = ;L >0, al(i,7), andal” (i, 7), defined in(2.1) , is the pairwise concor-
dance score aSS|gned to object pairs indexe@d by, 1 < i < j < (%), by theg!” judge from
population? = 1, 2. In this case, the statisti{@.3) simplifies to

2

NZ( 2)(1 ])) : (2.5)

1<j

Under the null hypothesi®; = X5, and a pooled estimate & is

. N2 1 . .
= - 1H)X -1X 2.6
P nlngN—2((n1 )X1 + (n2 — 1)3,), (2.6)
where3, = ﬁ (F¢ — ££/ /ng) , andF, = diag(fo, fe2, -, fenr). In the Spearman case,
1 e _ B /
TSEKT, = 7_1 (IJJ_S,Z) H(Z)> (uEf’ - H(£)> (2.7)
g=1

whereu“) ( (E)(l) Mg)( 2),.. ,p,;)( ))/is thet—vector of rankings assigned by judge

from populationt, anda® = (a0 (1), 5®(2), ..., i¥(¢))" is the vector of mean rankings.
In the Kendall case, we take the elements;pf ) to be ordered so that thé" row element
corresponds t¢i, ) for whichr = (i — 1) (t —i/2) + (j —4), 1 < i < j < (4). Using this

/
ordering, we may writa}” = (a{”(1),a!"(2), . a?(q)) , as theg = (}) dimensional
vector of pairwise concordances assigned by jugfyem populationt. With this notation, in
the Kendall case,

e

T8y = —— 3 (af) —a®) (af) —a®)". 2.8)

ng —1 po
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3 Incomplete Case: Preliminaries

In the situation where one or more rankings in a group are incomplete, measures of similar-
ity (or equivalently distance) between incomplete rankings may be defined using the methods
developed in Alvo & Cabilio (1995, 1999). A complete rankingtobbjects is compati-
ble with an incomplete ranking of of these objects if every pair of the specifigdob-
jects is given the same relative ranking in both rankings. An incomplete rankikgoat
of a possiblet objects, with a specific pattern of— k£ missing objects can be denoted by
p* = (u(o1), u(02), ..., u(or))’, wherel < o1 < 03 < ... < o < t are the labels of the
actual objects being ranked. For a specific pattern of missing observations, each!qfdke
sible rankings is associated with a setft! complete rankings which are compatible to it.
For a given incomplete ranking;, j = 1,2, .., k!, we define a!—vector of compatibilityc;
whose row numbers identify each of tHepossible complete rankings ordered in some way,
with the element in each row being 1 or 0 depending on whether that complete ranking is or is
not compatible withu;. Each such vector will contaiti/k! 1's, with the remaining elements
0. For a given pattern of missing observations, each of the pogdilileomplete rankings
is associated with a different vector of compatibility, and for this specified pattern we define
the (¢! x k!) matrix of compatibilityC = [c1, co, ..., cx1] , whose columns are orthogonal and
sum up tol;, thet! dimensional vector of 1's.

For a given multinomial distributiomr, = (71, 742, ..., 7))’ On thet! rankings in the
complete case, the corresponding distribution over the incomplete rankings with a specified
pattern of missing observations, is

* / * * * \/ % 4
my = Clmy=(mp, 7o, - Tipy) s Tps = CsTp = E g5
Jj€c(s)

wherec (s) is the index set of complete rankings compatible with the incomplete rank-
ing indexed bys. Now c;II,c; = 7},c;Il,c; = 0 fori # j, so thatC'TI,C = IT}; =

171
diag(myy, Ty, - .., Ty) and thusC’'S,C = C' (IIy—my7)) C = I} — w;7,’ = 7. Analo-
gous to the complete case, for each sample aicomplete rankings, = (fo1, feo, - - -, for)'
wherefy, is the frequency of the observed incomplete rankirign population?, and for any

matrix T of suitable dimensions, as— oo

f,
\/TTgTZ <n£ — C/ﬂ'g> —r N (0, TzE;Tz/) .
¢
In the context of incomplete rankings, the mafiixs replaced by the matrix
T; = TTL,C (C'TL,C) (3.1)

which is the collection of thé! conditional expectations® = E (t|C (u})) , whereC' (u})

is the set of complete rankings compatible with Columns of matrix T7 is ()" T,

which has eIement%Ziec(s) ti (j)mj/w;fs} ,with j = 1,...,dim (t) . In the comparison of

two populations for which the rankings are incomplete with the same pattern, so that both
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share the same compatibility matr® and thusT* = T,/ = 1,2, one can proceed in
a manner analogous to the complete case, as follows. UKger w1 = o, for which
C’'m; = C'my, the analogue of2.2) is
f f.
VNT* (1 - 2) —2 N (0, T*=*T") (3.2)

ny n2

whereX* = (1/\) 37+ (1/)\2) 35, from which a statistic analogous (2.3) can be derived.

/ v
G:N<T* (flf2)> (T* (flf2>> *)L:ZOZ;Z? (3.3)
ni ng ny o ng —

where thea;’s are the eigenvalues &*X*T*. The difficulty in using such a statistic is
that unlikeT in the complete casél™ is a function of bothm*, and, throughlIC, of .
The probabilities in the complete case cannot be estimated from the incomplete information.
In order to make use of a tractable statistic, in what follows we will replBtén (3.1) by
T* = (k!/t!) TC. This version ofT'* is in fact the one in whichr; = 1/¢!, the uniform case,
for thenII = (1/t)1,,, and(IT*) " = &!T;,, wherel,, is the(m x m) identity matrix.
With this change ifll™*, Alvo & Cabilio (1991) show that in the Spearman and Kendall
cases, the columns @f* are respectively of the form

)= | (-5 mﬂ/,l <i<t
tie (1) = 0" (5, )] 1 S0 < < (;)

whereé (i) = 1 or 0, according to whether or not objecis ranked, and

sqn(p*(j) — p*(i)) 8 (i) =3(j) =1

N R 5(i)=1,6(j) =0

TN o () =0,5(j) =1 oy
0 5(i)=6(j)=0

For such cases, the statistig.3) simplifies to forms analogous t@.4) and (2.5) . In the
Spearman case it becomes

EH 1N\ o, )y (@)
v (1) SEo -ro oy 5)

wherep*((i) = ;L S0 159 (4)8, (i) , the mean of the ranks assigned to the non-missing

objecti = 1, ..., t by then, judges sampled from populatidgn= 1, 2. If we let

v(i) = L @ys )+ (-5 (i) L

kE+1 2 (3:6)
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we may rewrite the elements tf (u*) as(v (i) — (t+ 1) /2) , and(3.5) becomes
t 2
Ny (D(l)(i) — @ (i)) (3.7)
i=1
wheren(¥) (i) = =Dy (i), andvl) (i) is the scorg(3.6) assigned to object by the

¢'" judge from populatlori = 1, 2. Note that the—dimensional vector/ with components
(3 6) , is a vector with element the adjusted incomplete r?ﬁ{w ) if that object is ranked,
and“ if it is not.
In the Kendall casé€3.3) simplifies to

N (@WGg) - 3@ .5) (3.8)

1<J

wherea (V) (i, j) = L D IERC a;'9 (i, 5), anda;'” (i, ), defined in(3.4) above, is the pairwise
score assigned to object paisj), 1 < i < j < (4). by theg™ judge from population
¢ =1, 2. For simplicity, in what follows, we may use a reordering of the pairs, such as the one
suggested in Section 2, to writé(r) = a*(i,j).wherel <r < ¢ = (t)

Under the null hypothesiE; = X3, and we use a pooled estimai, = m; 5 ((n1—
1)2* + (ny — 1)X%), which is analogous to the one in the complete cas€if). The
eigenvalues ir(3.3) are estimated by those @f*3:%T*. The covariance estimates (.7)
and(2.8) are replaced by their counterparts in the incomplete case.

Thus, ifv) = (yff)(n, v92), .., v (t))' 0 = (#0(1),50(2), ..., 5O (1)), then

: (,,(ga _ D(f)) (,,(ga _ D(f))’,

9=1

T2 TY =

/
and in the Kendall case, witk}"") = (az(é)(l),ag(@( ),...,a;(@(q)) ,

STy =

o Z ( _ 5*(@) (a;w) _ 5»«@)’.

4 |Inferential Models

In this section we consider two situations in which complete and various patterns of incom-
plete blocks occur in the rankings from the two populations. In one case the sample space
includes only the! complete rankings and the (unknown) probabilities associated with such
rankings. Complete rankings, if present, occur in both samples, and observed incomplete
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rankings with the same patterns also occur in both samples. The null hypothesis is that the
distributions over the complete rankings are the same for the two populations. The second
situation is one in which the sample space is enlarged to include not only permutations of
complete rankings, but, as well, all permutations of incomplete rankings with various possible
numbers and patterns of missing observations. In such a case the null hypothesis is that the
distributions over this expanded sample space are identical. In what follows, we will denote
by C;, the compatibility matrix for the pattern of missing observations indexedl.byhere
are>"i_} (1) = 2 —2 —t such possible patterns for whieh< k < ¢ — 1. We note that there

are a total of(,i)k! = (t!/ (t — k)!) possible different pattern and permutation outcomes for a
fixed number — k of missing observations.

4.1 Case 1: Matched Patterns of Incomplete Rankings

The approach will be demonstrated in the case where complete rankings and incomplete rank-
ings of one specified pattern are present in both samples. In this situation we obgerve
rankings from populatiod = 1,2, of which n,; are complete, and,, are incomplete with

the same pattern of- £ missing observations indexed hy For each sample of;; complete
rankings,f,; is thet! dimensional frequency vector, and similarly, for each sampieofn-
complete rankingdy, is the corresponding! dimensional frequency vector. Frof2.2) and

(3.2) it follows that underHy : w1 = 7o, if ng; /N — Agj @SN — o00,4,j = 1,2,

VNT (fn - f”) — N (0,TET),

ni n21

fo f
VNT} (12 - 22) — N (0, T;Z*T3) .

ni2 n22
Since complete and incomplete cases are independent, the test statistic
£ £ ! £ £
G:N< TGt — i) ) ( TGt — ) ) @)
f f. f f. '
T2 —o2) T2 — nz)

has, asN — oo, the same distribution agj ﬂjz? where 3, are the eigenvalues a&f =
( TST/ 0

. In the Spearman case, the test statistic is found to be
0 T; 3T}

NS (@60 - B2+ (00 - P0R). @)
=1

and in the Kendall case the test statistic is

q
N (@V6) - a®@)? + @ W6) - a@(0)?) (4.3)
=1
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The estimates of the componentslbére generated from the corresponding estimates in the
complete and incomplete cases described in Sections 2 and 3.

The approach detailed here may be generalized to the situation where we have several
fixed matching patterns of missing observations in both samples.

4.2 Case 2: Expanded Probability Space

The approach in this case is a direct extension of the complete case with an expansion of
possible outcomes, and an adjustment of the matrix of score vectors to take into account the
incomplete rankings. The probabilities over this expanded space are denatg¢diby 1,2,

and the hypothesis of homogenelty; : =7 = =5, may be tested either conditionally on

the observed patterns of missing observations, or unconditionally o\&r-al2 — ¢ possible
patterns. In either case, define a new matrix

* kl' k2' k’d'
T —T<I|t!Cl|t!CQ|--- ?Cd

where eaclC), represents a compatibility matrix for a distinct incomplete patternddadhe
number of incomplete patterns included in the test for homogeneity; ket f;,|f;, | - - - |f/,;)

denote the vector of frequencies, whérg and thefy,, h = 1,...,d, are, respectively, the
vectors of frequencies for the complete case and for the individual incomplete patterns listed
in the order corresponding to that B*. Let ny, denote the number observed with pattern
indexed byh in population?, so thatzizo ngp, = ng. Arguments identical to those in Section

2, yield analogous results witlh™* playing the role ofT. In particular, ifn, is the total
number of observations from populatién= 1,2, N = n; + ne andy, is the covariance
matrix corresponding to the distributiar}, it follows that forH{ : w7 = 73, the test statistic

(2.3) becomes
ni no n n2

The asymptotic distribution of this statistic is approximated by the distributioEgﬁziz?,
wherez; are independent standard normal variates,d@fslare the eigenvalues &*>T*
where3: is an appropriate estimate Bf = (1/1) 1 + (1/A2) . In order to simplify(4.4)

it is convenient to relabel the observed values of elemenfE*ofin the Spearman case the
collection oft—dimensional observed scoresBf may be written as

t+1
(Ml?“??"')“n£0|’/117y127"‘7V1ng1|”'|Vd17yd27"‘7’/dngd) - 2 J7

wherelJ is a matrix of 1's,u; are complete rankings, ang,; are weighted incomplete rank-
ings with elements as if8.6) , corresponding to incomplete pattein= 1, ..., d. We denote

these observations by;(z) forg =1,...,n4,¢ = 1,2. The same arguments leading(tb4)
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and(3.7) show that(4.4) may be written as

2

t
N Z; (D*(l)(i) ~ 7O (i)) , (4.5)

wherer*() (i) = n% D gt uz(@ (7). The Kendall case follows in a similar manner, with the

the collection ofy = (%) —dimensional observed scoresBf,, written as

* * * k * k
(al,aQ, ...,anm’all,am, ...,alna| e |ad1,ad2, ...,adnéd)

wherea; are vectors of complete pairwise concordances,a@pm = 1,...,d, are vectors
with elements as i1i3.4) . Analogously to the Spearman case we denote these observations

by az(é) forg =1,...,ne,¢ = 1,2, and the same arguments leading2d) and(3.8) show
that(4.4) may be written as

NI (a0@) —ar @) (4.6)

wherea*®(r) = L 5 a; ().
The estimate of the covariance matrix un@€¢j : 7 = =3 is of the form(2.6) , with
F( = diag (f},|f},] - - - |f},) in this expanded case. In the Spearman case

TS, TY = Wl_ : i (,,;(@ _ ,;*w) (,,;(f) _ ,7*@))’
g=1

and in the Kendall case

TS, T — Wl S (o - &) (g — &)

5 Implementation of the Tests

Under either case 1 or 2 inferential model, we reject the null hypothesis of homogeneity for
large observed values of the statigtién (4.1) or (4.4) . For an observed valug, of this test
statistic we can approximate tlie— value = P (G > Gj) of the test in several ways which

we describe in the following. One approach is to use the asymptotic distribution to approx-
imate the null. Approximations to the distribution §f = 3, ¢,22, wherez; are indepen-

dent standard normal variates, are given in Jensen & Solomon (1972). Leettiag ~, ¥;,

this approach, known as the Wilson-Hilferty approximation, is to show that the distribution
of (Q/6,)" is approximately normal wheh = 1 — (20103/363), with mean and variance
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(14 (62h(h — 1)) /67) and(2021*) /67 respectively. In practice) is the appropriate statis-

tic G in (4.1) or (4.4), ¢, are the eigenvalues of the estimated covariancés,case 1, or
T*$T* in case 2. Another easily implemented approach is to simulat® thealue of Gy

by resampling. In case 1, with one set of incomplete observations, at each step we randomly
selectn;; complete rankings from the combined set of of observgdt ns; complete rank-

ings, andn,> incomplete rankings from the combined set of obsemnvgd+ nys iIncomplete
rankings with the same pattern, and thus calculate the corresponding valye lof case 2

we randomly select; rankings from the combined set &f = n; + ns rankings of all types,

and calculaté.

Instead of using the statist@, another approach that can be considered is the multire-
sponse permutation procedure (MRPP) developed by Mielke & Berry (2001). This MRPP
statistic is the weighted sum of the internal average distances between all rankings within a
group of rankings. The weights chosen are the proportional sizes of each group. In our situa-
tion this statistic is of the formi = (n,/N) §; + (n2/N) &, whereg, is the average distance
between all rankings in group,

£ = <T;>1 D d (e ps)-

T,Segi

In this setting, small values @fare significant. The test is implemented through simulations
in which the resampling procedure is the same as that described@h-ttest above.

The distances between rankings are related to the similarity meadyes ) through
d(py, py) = c— A(py, o) - In the Spearman case the distance is

t

2 t
ds (i) = 5 Y- ) = a0 = 2 (1) - ) (- 57

- ‘ 2
i=1 =1

so thatcg = ¢(t2 — 1)/12, or equivalently

tt+1)(2t+1
6

ds (11, ) = ) ST (s i),
=1

while in the Kendall case
di (1, ) = Z (1 = sgn(py(5) — pa(8))sgn(ps(d) — pa(i)))
1)

2

= " sgn(py (5) — 11 () sgn(pa () — pa(4))

i<j

so thatcx = t(t — 1)/2. Analogously, Alvo & Cabilio (1995) defined distances between
two incomplete rankingg:] and p5,with possibly different patterns and number of miss-
ing observations — k; andt — ko, asd (u3, u3) = ¢ — A(pi, pu3), where A (ui, pu3) =
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t* (u}) t* (u3) . In the Spearman case

s = s> (L) (o~ B (20) (w0 -5 s

=1

_ b+ 1)6(2t +1) ; o (ali)

while in the Kendall case

dic (W5, 13) = cx — Y _ai (i, §) a3 (i, ) .
1<J

Distances defined this way have the property that the distance between an incomplete ranking
and itself is a minimal distance, but this distance is greater than zero. This is not surprising,
given the fact that such measures between two incomplete rankings are in fact averages of the
distances between the sets of complete rankings compatible with each of the incomplete rank-
ings. In applying MRPP methods, Mielke & Berry (2001) do not require that such distances
be metrics, in that the triangle inequality need not maintain, thus allowing squared Euclidian
distances, of which the Spearman distance is a special example. However, they do require that
this distance, or measure of separation, have the property that the distance from an element to
itself be zero, a property which our distances in the incomplete case do not possess. Thus the
use of MRPP in this case may not produce reliable results.

6 Examples

In the following we give two examples in which we apply the tests developed here, as well
as the MRPP, for both models. All the calculations were conducted using the R programming
language, and the code is available from the third author.

6.1 Medical Compliance

Gwadry-Sridhar, et al. (2005), report a study on the effect of additional education on medical
compliance of heart failure patients. Pharmacy refill data was collected on patients who had
been randomly allocated to receive control (standard information) or treatment (additional
information on diet, lifestyle and compliant medication use). The patients of interest received
as many as four medications (ACE-inhibitors, diuretics, beta-blockers and digoxin), but not
all patients received all four. For each patient, a value of an index of medical compliance was
calculated for each medication taken, yielding four dimensional data vectors with possibly
missing values. In this example we consider only blocks which have at least two values, and
no ties. Table 1 lists the number of observations for each missing pattern, where * X’ denotes
an observation, and_"’ a missing value.
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Pattern Control Treatment Total

XXXX 12 12 24
XX _X 11 8 19
XXX - 10 11 21
X _X_ 5 8 13
XX_- 5 9 14

ny =43 ng=48 N =91

Table 1. Sample Sizes in Medical Compliance of Heart Failure Data

Tests were conducted for both Case 1 and Case 2 models using the Spearman measure,
with the resultingP — values given in Table 2. We note that even though the sample sizes
appear to be moderate, in both casesihevalues using the Wilson-Hilferty approximation
of the asymptotic distribution are very close to the corresponding simulated values. However
the P — values are much higher for the Case 1 null hypothesis. Phe value obtained by
the MRPP method is close to the others for Case 2, but is quite different for Case 1. We note
that Wilcoxon tests were conducted for each of the four medications individually, and in each
case the results were not significant

Casel Case?2
Wilson-Hilferty  0.720  0.220
Resampling  0.727  0.219
MRPP 0.382  0.230

Table 2.P — values for Tests of Homogeneity for Medical Compliance

6.2 Leisure Time Preferences

Hollander & Sethuraman (1978) present data on leisure time preferences of two groups of
females, one black, and the other white. The females were in the age group 70-79, and were
asked to rank their preferences of the gender of individual they preferred to spend their leisure
time with, the choices being “male”, “female”, or “both”. This complete rank data was
analyzed in Feigin & Alvo (1986), and the results were found to be highly significant. In
order to see how incomplete blocks would affect the conclusions, we randomly deleted one
rank from six responses in each group, three from the “female” and three from the “both”
categories. Table 3 lists the number of observations for each missing pattern.
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Pattern Groupl Group2  Total

XXX 8 7 15
XX 3 3 6
XX_ 3 3 6

n =14 no=13 N =27

Table 3. Sample Sizes in Leisure Time Data

Tests were conducted for both Case 1 and Case 2 models using both the Spearman and
Kendall measures, with the resultidy— values given in Table 4. In addition the tests were
carried out for the complete data and the results are given in Table 5. It is seen that the results
are fairly consistent between complete and incomplete cases, statistics used, models tested
and measures used.

Spearman Kendall
Casel Case2 Casel Case?2
Wilson-Hilferty 0.0000 0.0001 0.0001 0.0001
Resampling  0.0001 0.0001 0.0000 0.0004
MRPP 0.0001  0.0000 0.0000 0.0003

Table 4.P — values for Tests of Homogeneity for Leisure Time Incomplete Data

Spearman Kendall
Wilson-Hilferty ~ 0.0000 0.0002
Resampling 0.0003 0.0002
MRPP 0.0001 0.0002

Table 5.P — values for Tests of Homogeneity for Complete Leisure Time Data

7 Conclusion

We have developed rank based methods for testing homogeneity of populations of rankings,
which may be complete or incomplete, based on functions of measures of similarity between
such rankings. Although in this development we have restricted attention to two measures
of similarity, the Spearman and the Kendall, such an approach is completely generalizable to
other measures such as Hamming (Alvo & Cabilio, 1998). All such tests have forms which are

easily calculated, and their asymptotic distributions are linear combinations of indepghdent
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variables with one degree of freedom. These test statistics are not consistent with the null hy-
pothesis of uniformity between the populations, but with the more restrictive assumption of
uniformity within each population. Such a restriction is necessary, for without it the statistic
derived would be intractable. We consider two different population models from which two
different statistics emerge. In the first case all incomplete blocks have patterns and numbers of
missing observations which are present in the samples from both populations, and the statistic
is appropriate for testing the homogeneity between the two populations of probability distri-
butions over the complete rankings. In the second case, the probability space is expanded to
include all permutations of incomplete rankings with various number and patterns of missing
values, and the appropriate test is derived to test for the homogeneity of such probabilities be-
tween the two populations. Two examples are presented in whiehvalues of the tests are
approximated using the asymptotic distribution as well as by simulation methods. In addition,
the MRPP procedure developed in Mielke & Berry (2001) was applied to the same examples.
It is noted that the distance measures in the incomplete cases are not proper in the sense that
the distance between one incomplete ranking and itself is not zero, and this may affect the ap-
plicability of the MRPP procedure. In the examples given, resampling and asymptotic results
give very similar results for both models, while MRPP results appear quite different in one
case. TheP — values may differ between the two models as is the case in Example 1.

Acknowledgement

The work of P. Cabilio and Y. Zhang was supported in part by Natural Science and Engineer-
ing Research Council of Canada Discovery Grants.

References

[1] Alvo, M., and Cabilio, P. (1991). On the balanced incomplete block design for rankings.
Annals of Statisticsl9, 1597-1613.

[2] Alvo, M. and Cabilio, P. (1995). Rank correlation methods for missing dzaaadian
Journal of Statistics23, 345-358.

[3] Alvo, M. and Cabilio, P. (1998). Applications of Hamming distance to the analysis of
block designs, iisymptotic Methods in Probability and StatistiBs Szyszkowicz (Ed-
itor), Elsevier, 787-799.

[4] Alvo, M. and Cabilio, P. (1999). A general rank based approach to the analysis of block
data.Communications in Statistics: Theory and Meth@#8,197-215.

[5] Feigin, P. and Alvo, M. (1986). Intergroup diversity and concordance for ranking data:
an approach via metrics for permutatioAsinals of Statisticsl4, 691-707.



112 International Journal of Statistical Sciences, Vol. 9s, 2009

[6] Gwadry-Sridhar, F., Arnold, J. M. O., Zhang, Y., Brown, J. E., Marchiori, G., Guy-
att, G. (2005). Pilot study to determine the impact of a multidisciplinary educational
intervention in patients hospitalized with heart failufenerican Heart Journal150
982e1-989¢e9.

[7] Hollander, M. and Sethuraman, J. (1978). Testing for agreement between two groups of
judges.Biometrikg 65, 403-411.

[8] Jensen, D. R., and Solomon, H. (1972). A Gaussian approximation to the distribution of
a definite quadratic forml. of the American Statistical Associatiat6, 898-902

[9] Mielke, P. W., and Berry, K. L. (2001Permutation Methods: A Distance Function
Approach.Springer, New York.



