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Abstract

In this paper we suggest some improved estimation strategies for the coefficient of dispersion (CD)
parameter using shrinkage and pretest principles. These methods are useful when some uncertain
prior information (UPI) or non-sample information (NSI) regarding the CD is available. Indeed,
the shrinkage and pretest methods use the NSI in some optimal sense. The performance of these
estimators, with respect to asymptotic mean squared error (AMSE), is examined both analytically
and numerically. Itis exhibited that suggested estimators outshine the the empirical estimafor of

in some part of the parameter space. The finding of this research invalidates the global minimum
AMSE property of the benchmark estimator. In an effort to appreciate the relative behavior of listed
estimators for finite sample scenario, a Monte carlo simulation study is planned and performed.
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Pretest Estimation, Local Alternatives, Asymptotic Properties, Relative Performance and Monte
Carlo Simulation.
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1 Introduction and Preliminaries

The coefficient of dispersion is widely used in many branches of life science, for example
genetics, astrophysics, geophysics, and plant breeding a few to mention. The coefficient of
dispersion is used to detect a type of spatial dispersion. A CD is lesg teandicative of an
under-spread (uniform) spatial distribution an@ 2 greater than indicates a over-dispersed
(clumped) spatial distribution. The population coefficient of dispersidiis(defined as

0.2

y=—, u#0,
o)

where . ando? are the mean and the variance of the variaklerespectively, of a class
arbitrary population. This class is subject to existence of first four moments.

This research is motivated by diverse applications of CD and its involvement in many areas
of scientific research. The current paper is mainly focusing on the applications of CD. Our
results build on the asymptotic normality of estimate of CD. We develop the inferential tools
for CD parameter. Our asymptotic work uses the general asymptotic theory for preliminary
test estimation as developed by Ahmed (2001) and others.

The sample estimate of the dispersion measure (based on sgiiple- , X,,) is

.52
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whereX andS? are sample mean and sample variance,respectively given by
1 & 1 _
X=- Y X;, and §*= D (X - X)?

n—1
i=1 i=1

Further, the asymptotic normality efis presented in the following lemma.
Lemma 1: Under assumed regularity conditionsras- oo, then

Vi (5 =7) 5N(0,07),

where ) 5
7 p
e A T
% @ p
the notation—-—meansconvergence in distribution

If the parent population is Poisson distribution with paramgtehen we have
p=2Xpy=0 pz=2X\ =34\
hence,
Vn(§=7) 52N(0,2).
Interestingly, the asymptotic distribution is parameter free and is useful for inference purposes.
However, in this investigation we are not restricted to above distributions, our subsequent

results hold for a class of arbitrary distributions and the remaining discussion follows, other-
wise.
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2 Inference regarding Coefficient of Dispersion

In the following two subsections we consider interval estimation and testing hypothesis re-
garding the parameter of interest

2.1 Asymptotic Interval Estimation

First, consider
R n{y — A\
2 = YA v,
Sincer depends on the unknown quantityand other parameters, this result will not immedi-
ately yield confidence intervals forfor unknownv. Another pivotal quantity can be defined
by replacingv by its empirical estimaté in the denominator o, [4] and is given by

. n{y — A
Zs[4] :M’
12
where 1 97 N
A N N M3 . 12
V22773_72_ A23’Y+%217
it i i

whereji; andji, are consistent estimator pf andy,, respectively.

Further,i is a consistent estimator of henceZ,[4] -\ (0, 1). Therefore, for large.,
it is appropriate to approximate the distributionf[y] by the standard normal distribution.
An asymptotic(1 — a)100% confidence interval fof is

2 1/2 52 1/2
Pr{’“yZa <> <y <Ay+za <> }—)10( as n — oo,
2 n 2 n

wherez% is the(l — %) 100 percentile point of the standard normal distribution.

2.2 Asymptotic Tests and Power

We propose the following three test statistics to testHgr: A = )\, againstH, : A # X, or
A < A, Or A > \,. These statistics are given by

= , 1=1,2,3.
v;
where ) 5

N 3 2 H3 Ky
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and 1 9 N
. ~S <8 S [
3=\ - (A7) = 2N + .

fr ji fi

The shrinkage estimatdrs will be introduced in Section 3. For largeand under the null hy-
pothesis7; follows ax2-distribution with one degree of freedom, which provides the asymp-
totic critical values.

It is important to note that for a fixed alternative that is different from the null hypothesis
the power of all three tests statistics will converge to one as co. Thus, to explore the
asymptotic power properties @f, we consider a sequence of local alternafivig, }. When
is the parameter of interest, such a sequence may be specified by

w

NG

wherew is a fixed real number. Obviously, approaches\, at a rate ton /2. Stochastic
convergence ofy to the parameteh ensures that —— A under local alternatives as well,
where the notation-—meansconvergence in probability

The following lemma, which we present without proof, characterizes the asymptotic pow-
ers of the three test statistics under local alternatives.

An i = Ao + (2.1)

Lemma2 Under local alternatives in (2.1) the following results hold:

1 vy —7) - N(0,77),

2. 7T; has asymptotically a noncentrgP-distribution with 1 degree of freedom and non-
centrality parameteR = ‘;—2

Hence, the power calculations of the proposed test statistic can be accomplished by using
noncentraly2-distribution. We remark thag is a nonlinear function of asymptotically normal
guantities; as such, the distributionpimay not be well approximated by a normal distribution
for small sample sizes.

Now, we consider two improved estimation procedures based on shrinkage and the prelim-
inary test techniques that are considered in the Section 3 along with some asymptotic results.

3 Improved Estimation Strategies

We will use the results of the preceding section to build some improved estimatorair
interest here is the estimation afwhen it is suspected a priori that= A,. This natural

origin A, could be any sort of a priori information abo\utIn many applied problems usually

the experimenter has some idea about the value of paramétesed on the past experience

or acquaintance with the problem under consideration. In practice, this information is readily
available in the form of a realistic conjecture based on the experimenter's knowledge and
experience with model and data. It is advantageous to utilize this information in the estimation
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process to construct improved estimation for the coefficient of dispersion parameter. In this
investigation, a asymptotic theory of the suggested estimators are developed.

Having said above, it is reasonable then to move the classical estimatari@se to),.
Hence we define a liner combination estimator as (also known as a shrinkage estimator)

37 = M+ (1 N5,

where\ € [0, 1] denotes the shrinkage intensity. Noting thatfor 1 the shrinkage estimate
equals the shrinkage targef whereas for\ = 0 the classical or unrestricted estimate (UE)

is recovered. The key advantage of this construction is that it outperforms the UE in some
part of the parameter space. However, the key question in this type of estimator is how to
select an optimal value for the shrinkage paramatein some situations, it may suffice to

fix the parameten at some given value. The second choice, is to choose the paraxnater

a data-driven fashion by explicitly minimizing a suitable risk function. A common but also
computationally intensive approach to estimate the minimiairiy using cross-validation.

On the other hand, from a Bayesian perspective one can employ the empirical Bayes tech-
nique to inferA. In this case\ is treated as a hyper-parameter and that may be estimated
from the data by optimizing the marginal likelihood. Here we treas the degree of trust

in the prior information\,. The value ofA € [0,1] may be assigned by the experimenter
according to her/his prior belief in the prior valdg. Ahmed and Krzanowski (2004), Bickel

and Doksum (2001) and other pointed out that such an estimator yields smaller mean squared
error (M SFE) when a priori information is correct or nearly correct, however at the expense
of poorer performance in the rest of the parameter space induce by the prior information. In

, oS
the present context, we will demonstrate thatwill have a smallerd SE than¥ near the

restriction, that is\A = \,. However,A~ becomes considerably biased and inefficient when
the restriction may not be judiciously justified. As such, when the prior information is rather
suspicious, it may be reasonable to construct a shrinkage preliminary test estifvafgy (

denoted beSP which incorporates a preliminary test an= \,. Thus, the estimatay and
5\5 is selected depending upon the outcome of the preliminary test. The shrinkage preliminary
test estimator§ PE) is defined as

N = 31T > ena) +[(1= VA + T < n0), (3.1)

where’Z; is the test statistic for the null hypothedis, : A = A,, which is defined in the pre-
vious section, and(A) is the indicator function of a set. The critical valuez,, , converges
to X%,a as n — oo. Thus, the critical value,, , of 7; may be approximated byia, the
upper 100.% critical value of they?-distribution with 1 degree of freedom. If we substitute
A =1in(3.1) we get

~

N =A31(T; > cna) + 2ol (T < Cna). (3.2)

The estimatoﬁ\P is known as the usual preliminary estimatétk), due to Bancroft (1944).
The SPE may be viewed as an improvadE which represents botti £ and PE for A\ =
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0 and A = 1 respectively. For a discussion about preliminary testing we refer to saleh
(2006),Giles and Giles (1993), Magnus (1999), Ohanti (1999), Reif and Vicek (2002), Khan
and Ahmed (2003), and other.

4 Asymptotic Properties
The asymptotic bia6AB) of an estimatory* of ~ is defined as
AB(\*) = lim E{v/n(A\* — \)}. (4.1)

Under local aIternativeﬁB(iS) = —)\w. The expression oﬁB(XSP) is obtained with

the help of the following lemma.

Lemma 3 If the random variableZ is normally distributed with meap and variancd,
then
E{ZI(0 < Z* < x)} = uP <X§HQ < x) 7

2
Wherexz .2 Is random variable with the central chi-square distribution withegrees of
2
freedom and non-centrality parametér. For proof of the lemma, we refer to Judge and
Bock (1978).
By the virtue of Lemma 3, the following relation is established.

ABA™) = 2 awhs(h2 o ),

whereA,(.; Q) is the cumulative distribution of a noncentrgl-distribution withq degrees
of freedom and non-centrality parameter Sincelim,,_, wAg(X%a;Q) = 0, it can be

concluded thatXSP is asymptotically unbiased, in the senseugfbut 5\5 is not so. The
asymptotic bias of” is AB(\") = —wA3(x3 4 Q). The ABA Y and 4B areo
whenw = 0 which increases to maximum, then decreases towaeads increases.

Ahmed (1999) among others has pointed out that the estimators based on the preliminary
test principle possess substantially smaller asymptotic mean squaréAkica¥ £') than4 in
a shrinkage neighborhood 6fP1I in the parameter space. For this reason, a sequiefick
of local alternatives is considered for asymptotic analysis. Now, under the local alternative in
(2.1) we present the expressions for th&/ .S E for the estimators under consideration. The
AMSE of the estimators are:

AMSE(#) = v?;

AMSE(X) = 12 — 1202 — \) + 12220;

AMSEGRNT) = v2— 22— NA3(XF 05 Q)+
VU203 (xT 05 Q) — (2= VA (X s D -
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The expression OAMSE(XSP) is obtained with the use of the following lemma.

Lemma 4 If the random variableZ is normally distributed with meap and variancd,
then

E{Z*I(0 < Z* < z)} = P( Xy i <x>+u2P< X; 2<ac>.

The AMSE(XS) is a straight line in terms of2 which intersects thedM/SE(%) atQ =
(2 — A\)/A. At and near the null hypothesis telV/ SE of 3% is less than thel M SE of A.
ComparingAMSE(X"" ) with AMSE(4),

AMSE(RT)
Q

AMSE(#%) according as

>
> (2= MNA030 0 {28503, — 2 - NAs(3E.: )

(4.2)
Thus,A”” dominates) whenever

Q< (2= NAs03 0 Q) {20503 — 2— VA0G D}

Further, asx, the level of the statistical significance, approaches AMSE(XSP) tends
to AMSE(%). Also, when( increases and tends to infinity, thhMSE(S\SP) approaches

the AM SE(%). Broadly speaking, for larger values Qf the value of the4MSE(f\SP) in-
creases, reaches its maximum after crossingltheS £'(%) and then monotonically decreases
and approaches théM SE (7).

The AMSE of X" is
P
AMSE(X") = v* + 1V Q{2A3(x3 05 Q) — As(x3 0 D)} — ¥*As(x3 03 Q)
and P
AMSE(N ) > AMSE(%) according as
Q > As(Gas ) {20503, — As(G Q)

By comparing the right hand side of equation (4.2) to the right hand side of (4.3), we
noticed that the range of the parameter space in (4.2) is smaller than that in (4.3).
it is seen that

(4.3)

AMSE(A’") according as
(1= A0 0 D {28503 01 ) — (1 = VA (G D}

AMSEA")

<
Q <

<SP ) P
Thus,\ dominates\ whenever

Q> (1 - )‘)A3(Xia7 Q) {2A3(X%,a7 Q) ( A5 Xl aa }_
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Based on above findings we suggest to J&gg, since it has a good control on AMSE with
respect td2.
In an effort to present the graphic analysis we consider the notion of asymptotic relative
efficiency (ARE). The ARE of of relative# is defined as follows:
_«. SMSE())
ARE(Y, ) = ————=.
N = SarsE@)

The ARE are plotted in Figures 1-2 versus noncentrality paranfetéiigures 1 and 2 exhibit
the ARE of the proposed estimators at two significance leuets).05 and 0.20, respectively.

The ARE of3”" was investigated at different values xf Figures validated the behavior of
the AMSE of the proposed estimators. TA&®F is a function ofa, Q and\. For a fixed
value ofa,, ARE decreases d3 increases from 0, attains a minimum value at a pQiptand
then increases asymptotically to 1. Foe~ 0, this function has its maximum & = 0. The
maximum relative efficiency is a decreasing functiomvafhile the minimum efficiency is an
increasing function ofv. These properties are validated graphically in Figures. In addition, it
may be seen that for smaller values)pfwhena is fixed, the variation in the ARE functions
is greater. Also, it appears from Figure that the variation in the ARE functions is greater for
smallera. Itis clear that the variation decreases\dacreases. Thus, numerical results are in
agreement with our analytical findings.

In summary, the graphical results illustrate our analytic asymptotic theory and are in agree-
ment with the typical characteristics of the preliminary test and shrinkage estimation.

5 A Simulation Study

In this section, we conduct a Monte Carlo simulation study aimed to provide empirical out-
comes to the theory developed in the early sections of this paper. The main objectives of
this simulation experiment is to investigate the general trends of the relative efficiencies of

. ~S «S . . .

the four estimatorg, A, AP and \ P. The Monte Carlo simulation study was carried out
. . ) . . <8 <5

to investigate the relative efficiencies of the four estimafgra , )\P and A P. (Note that

givent = 0.5, T, was used to comput&P andXSP). We consideredd,, : A = )\, against
H, : A= )\, +w, wherew is a shift real number in the neighborhood domaimofVe nu-
merically calculated the relative efficiencies of the estimators relatigeusing N = 5, 000

realizations of the alternative distributions for= 30.

. <. SMSE(\)
RE(Y,4) = SMSE()’

is the simulated relative efficiency afrelative. Further,SM SE()\) andSMSE(%) are the
empirical mean squared errors band4, respectively. The empirical mean square error of
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an estimator may be defined as follows. Dt \3,--- , A}, be a random sample of size
from the distribution of the estimator*, then theM SFE is estimated by

M
1
SMSE(\") = 77 POV EPIE
h=1

Our simulation study indicates that the maximum relative efficiency of all the proposed esti-
mators relative tgy occurred at) (noncentrality parameter) = 0. It is apparent from Figures
1-2 that asv increases, the relative efficiencyio”?P becomes larger than that &1? andS\P,

and approaches to one faster than thai%;‘ while the relative efficiency of\s approaches
zero.

. . : - .S
We report in Table 1 the simulated relative efﬁaency\of to 4 for a selected values of
Q.

Table 1. Simulated efficiency 6¢SP relative to% for A = 0.5.

o Q=0]|Q=05|0=1
0.01 3.88 2.29| 1.08
0.05 2.42 1.90| 1.01
0.10 2.00 1.58| 1.04
0.15 1.83 142 1.02
0.20 1.81 1.33] 1.01
0.25 1.78 1.39| 1.05
0.30 1.49 1.19| 1.02
0.40 1.13 1.05| 1.01

In summary, the results illustrate our asymptotic theory and are in agreement with the
typical characteristics of the preliminary test estimation.

6 Concluding Remarks

The goal of the paper was to succinctly develop the basic formulas, relationships and issues
involved in estimation and testing of the dispersion parameter in a large sample setup. This
task is accomplished by employing the asymptotic normal theory of the benchmark estimator.

We proposed three test statistics and studied their asymptotic null and nonnull distribu-
tions. For large: and under the null hypothesis; follows ax2-distribution with one degree
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of freedom. Further, a class of point estimators are introduced when there is uncertainty con-
cerning the the appropriate statistical model-estimator to use in representing data sampling
process, we reinforced a basis for optimally combining estimation problems. We demon-
strated a well-defined data-based shrinkage preliminary test estimator that combines estima-
tion problem by shrinking the classical estimator to a plausible alternative quantity. Asymp-
totic and finite-sample mean squared error results are obtained. It was found that none of the
four estimators is superior with respect to the other three, however, when the prior informa-
tion regarding the parametaris nearly precise then these estimators can be ordered to the

magnitude of their AMSEs a8’ = A~ > A°" = 4, where~ denotes domination.

We have developed our formulations and evaluations in a one-sample-problem context.
The formulations can be extended to multiple estimation problems. Research on the statistical
implications of these and other combining possibilities for a range of statistical models and
distance measures is ongoing. We also conducted a simulation study to examine the behav-
ior of our method for moderate sample sizes. Our analytical results are well supported by
simulation findings. thus, the results are parallel with the theoretical proving.
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