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Abstract

We consider the testing problem for the conversion efficiency of the Lotka-
Volterra ordinary differential equations system (ODEs). In this article, we
assume that the perturbations follow correlated Ornstein-Uhlenbeck pro-
cesses. We derive the uniformly most powerful unbiased test for the param-
eter of interest. The large-sample properties of the test are investigated.
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1 Introduction

Consider the predator-prey system commonly known as the Lotka-Volterra system of
differential equations:

dx(t)
dt

= (η − βy(t))x(t) ,
dy(t)
dt

= (γx(t)− δ)y(t) , (x(0), y(0)) = (x0, y0) fixed,

(1.1)
where η, β, γ, δ are all positive quantities and the components of initial value (x0, y0)
are the positive. Further, we assume that (x0, y0) is different from an equilibrium
point. The trajectory (x(t), y(t)) is a periodic function, whose period is denoted by
%(γ, β, δ, η, x0, y0) and, is a function of (γ, β, δ, η, x0, y0). In model (1.1), x(t) and y(t)
are the population sizes (at time t) of the prey and the predator, respectively. The
parameter, η is the birth rate of the prey when the predator is absent, δ is the death
rate of the predator when the prey is absent. In ecological modelling, the parameters
δ and η, are usually considered as intrinsics to the species prey and predator. The
parameters β and γ are the interaction parameters. The ratio γ/β is called “conversion
efficiency” and represents a percentage of consumed prey that is converted into biomass
predator. The parameter of interest is

θ =
γ

β
.

A plug-in estimator of θ will be θ̂

θ̂ =
γ̂

β̂
,

where γ̂ and β̂ are the strongly consistent estimators of γ and β, respectively (Froda
and Nkurunziza, 2007).

In practice, we have N pairs of observations (Xi, Yi)i=1,2,...,N collected at discrete
times ti, where 0 < ti < ti+1; Xi and Yi, represent respectively the sizes of the prey
and the predator observed at time ti, i = 1, 2, . . . , N . We assume that each component
of error process follows Ornstein-Uhlenbeck process that is the continuous version of
a first-order autoregressive model AR(1) in discrete times.

The point estimation problem of the parameters η, β, γ, δ is considered by Froda
and Colavita (2005), and Froda and Nkurunziza (2007). Further, Nkurunziza (2008)
proposed the likelihood ratio test for the interaction parameters β, γ. In this article,
the parameter of interest is the ratio of the two interaction parameters, i.e., θ. We
consider the following testing problem

H0 : θ ≤ θ0 against HA : θ > θ0. (1.2)

For θ0 = 1, the above test allows us to test the homogeneity of the two interaction
parameters γ and β.
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The parameters δ and η are considered as constants with respect to the interaction
parameters γ and β. This is not unrealistic because η and δ are considered as intrinsics
to predator-prey species. Hence, η and δ can be considered as nuisance parameters.
We give a sufficient condition for the period “%(γ, β, δ, η, x0, y0)” to be constant with
respect to the interaction parameters γ and β. This sufficient condition is in agreement
with the fact that, when the initial value is close to the equilibrium point (δ/γ, η/β),
the period %(γ, β, δ, η, x0, y0) ≈ 2π/

√
δη and this last term does not depend on the

interaction parameters. For further discussion, see Nkurunziza (2008) and reference
therein.

From the methodological point of view, we adopt the statistical model presented in
Froda and Nkurunziza (2007). In this model, the error process is considered as mainly
measurement (observation) error which does not interfere with the deterministic func-
tion. In practice, this assumption is related to the fact that, had this interference
been present, the oscillatory behaviour might have been lost, as is the case in the cor-
responding Lotka-Volterra Stochastic Differential Equations (SDE) models (see, e.g.
Gard and Kannan, 1976, Gard, 1988 or Chen and Kulperger, 2005). In order to take
care of a possible correlation between the predator population sizes and the prey pop-
ulation sizes, we also defined the dependance structure between the errors. The more
details about the statistical model used, we refer to Froda and Nkurunziza (2007).

In Section 2, we showcase the statistical model and give some preliminary results.
Section 3 presents the uniformly most powerful unbiased test, when the nuisance pa-
rameters are assumed to be known. In Section 4, we deal with the testing problem
when these nuisance parameters are unknown. The technical results and details are
given in the Appendix.

2 Preliminaries and Statistical Model

Let µx and µy be the population means during a period, then

µx =
1

%(γ, β, δ, η, x0, y0)

∫ s+%(γ,β,δ,η,x0,y0)

s
x(t)dt,

µy =
1

%(γ, β, δ, η, x0, y0)

∫ s+%(γ,β,δ,η,x0,y0)

s
y(t)dt. (2.1)

From (2.1), we get (µx, µy) = (δ/γ, η/β) and therefore, µy/µx = θ η/δ. Hence,
when η, δ are fixed and known, the testing problem in (1.2) is equivalent to:

H0 :
µy

µx
= µ¦ ≤ η

δ
θ0 = µ¦0 against HA : µ¦ > µ¦0. (2.2)

In methodological point of view, we adopt a statistical model in continuous time
whose corresponding model in discrete times is commonly used in ecological setting
for the cyclic populations. In fact, in ecology, there is a long tradition to model
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population sizes of interacting species by the deterministic trajectory of ODEs (see
e.g. Renshaw, 1991). Such models serve mainly to assess qualitative behaviour, but
they are rarely used in quantitative studies. In order to make quantitative assess-
ments, some models based on stochastic differential equations system (SDEs) have
been proposed (see, e.g. Gard, 1988, Chapter 6). However, the SDEs models rarely
predict oscillatory behaviour (see, e.g. Gard, 1988, Chapter 6). In particular, for the
ODEs (1.1), the corresponding SDEs model (see, e.g. Gard and Kannan 1976, Gard,
1988 or Chen and Kulperger, 2005) gives rise to trajectories which are highly likely
to become extinct during the first cycle and thus, this model is not appropriate to
predict oscillatory behaviour.

In practice, the trajectory of many animal population sizes has oscillatory be-
haviour (see e.g. Kendall et al., 1999, Ginzburg and Taneyhill, 1994 or Royama,
1992, chapters 5-6). However, the trajectory of the observed predator-prey population
sizes are not as smooth and regular as the solution of the ODEs (1.1). Further, the
model (1.1) is too simple to capture all complexity present in nature, since it neglects
many other factors that can affect the predator-prey interaction. Thus, even though
the prey is the main source of food for the predator, the theoretical model (1.1) ig-
nores, for example, the possible competition for food inside each species and assumes
exponential growth for the prey population in the absence of the predator. Also, in
mathematical modelling, when the number of the parameters increases, the goodness-
of-fit increases but the model becomes too complex and inconvenient for the user.

In this paper, we consider a measurement type model where the observed pop-
ulation sizes are viewed as the solutions to the ODE system (1.1) plus a pair of
random process whose each component follows an Ornstein-Uhlenbeck process. The
choice of such error process with continuous paths is agreement with the continuity
in time of the solution of the ODEs (1.1). Also, the choice of Ornstein-Uhlenbeck
process is justified by the fact, if

{
(eX

t , t > 0
}

is an Ornstein-Uhlenbeck process, then
{(eX

ti , 0 < t1 < t2 < · · · < tN , with ti+1 − ti constant for all i} a first-order au-
toregressive model AR(1). Further, the statistical model which is commonly used by
ecologists with population cycles is the linear autoregressive (AR) model (see Kendall
et al., 1999, Berryman, 1995 or Royama, 1992), with an order less than or equal to 2.
In our case, the periodicity is captured by the solution of the ODEs (1.1) and then, to
simplify some computations, we can reduce the order by considering an AR(1) model.

Namely, let (x(t), y(t)) be the solution of ODEs (1.1) and let us assume that the
N pairs of observations (Xi, Yi)i=1,2,...,N are collected at discrete times 0 < t1 < t2 <
· · · < tN , where Xi ≡ X(ti), Yi ≡ Y (ti). Further, these observations are generated
by a process with continuous paths {(X(t), Y (t)), 0 ≤ t ≤ T} satisfying

log Xt = log x(t) + eX
t , log Yt = log y(t) + eY

t , (2.3)

here we assume that each noise component
{(

eX
t , eY

t

)
, 0 ≤ t ≤ T

}
is Ornstein-Uhlenbeck

process (Kutoyants, 2004, p. 51), with a particular dependance structure given in As-
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sumption (C1). More precisely, we assume that

deX
t = −c eX

t dt + τ dWX
t , deY

t = −c eY
t dt + τ dW Y

t , c, τ > 0, (2.4)

where
{
WX

t , t > 0
}

and
{
W Y

t , t > 0
}

are Wiener processes which satisfy the following
assumption.

Assumption (C1) The Wiener processes
{
WX

t , t > 0
}

and
{
W Y

t , t > 0
}

are jointly
Gaussian such that, for all i, j = 1, 2, 3, . . . ,

Cov
(
WX

ti ,W Y
tj

)
= ρmin(ti, tj) where |ρ| < 1.

Proposition A.1 in the Appendix allows us to guarantee the existence of Wiener
processes which satisfy the Assumption (C1).

Assumption (C2) The initial random variables eX
0 and eY

0 are independent and
normally distributed with mean 0 and variance σ2 = τ2/2c. Furthermore, (eX

0 , eY
0 ) is

independent of {(WX
t ,W Y

t ), t ≥ 0}.
The assumption (C2) guarantees that each noise component is stationary. Indeed,

each equation of the diffusion processes system (2.4) satisfies the ergodicity conditions
given in Kutoyants (2004, p. 1, Properties (02) and (03)). Further, from a result given
in Kutoyants (2004, p. 2), it follows that the invariant distribution of {eX

t , t > 0} and
{eY

t , t > 0} is Gaussian with mean 0 and variance τ2/2c.
The independence between the initial random values, eX

0 and eY
0 is assumed for

simplifying some computations.
The model (2.3) is flexible and has some familiar properties for the practitioners.

In fact, the error processes {eX
t , t > 0}, {eY

t , t > 0} are ergodic Markov processes
and, under the Assumption (C2) given above, they are stationary Gaussian. Further,
this model has an advantage to account for stochastic modeling, while preserving the
oscillatory behaviour inherent with model of Lotka-Volterra (Nkurunziza, 2008 and
reference therein).

Also, the model (2.3) places emphasis on analyzing predator-prey couples, rather
than one species at a time. For other references on the study of cyclic behaviour in the
ecological literature, we refer the reader to Berryman (1995), Kendall et all. (1999) or
Haydon et all. (2001). Further, for a mathematical perspective, we refer to Brillinger
(1981), and for a recent review from an applied ecological perspective, we refer to
Boyce (2000).

Note that the conversion efficiency parameter is an argument of an implicit func-
tion, which is the mean of the model (2.3). Now, we suggest the following theorem on
a re-parametrization of the solution of ODE (1.1).

Theorem 1 Let κ1 and κ2 be two positive real numbers, let (x0, y0) be fixed ini-
tial value and let (x(t; γ, β, δ, η, x0, y0), y(t; γ, β, δ, η, x0, y0)) be a solution to the Lotka-
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Volterra ODE system (1.1). Then,

x (t; γ, β, δ, η, x0, y0) = κ1 x

(
t; κ1γ, κ2β, δ, η,

x0

κ1
,
y0

κ2

)
(2.5)

y (t; γ, β, δ, η, x0, y0) = κ2 y

(
t; κ1γ, κ2β, δ, η,

x0

κ1
,
y0

κ2

)
,

for t ≥ 0,η, β, γ, δ > 0. ¤
Proof Refer to Nkurunziza (2008, Theorem 1.1). ¤
From Theorem 1, we establish Corollary 1, which guarantees that, under some as-

sumptions, the period of the populations is an intrinsic characteristic of the interacting
species.

Corollary 1 Assume that there exists (u0, v0) ∈ R2
+, fixed, and that (x0, y0)

is chosen such that, for all γ > 0, β > 0, x0 = u0/γ and y0 = v0/β. Then, for
η, β, γ, δ > 0,

%(γ, β, δ, η, x0, y0) = %(1, 1, δ, η, u0, v0). ¤

Thus, according to Corollary 1, we give a sufficient condition for which the period
of the ODEs (1.1) %(γ, β, δ, η, x0, y0) is constant with respect to the interaction param-
eters, and the conversion efficiency. This sufficient condition is given explicitly in the
following assumption.

Assumption (C3) There exists (u0, v0) ∈ R2
+, fixed, and that (x0, y0) is chosen

such that, for all γ > 0, β > 0, x0 = u0/γ and y0 = v0/β.
In section 3, we suppose that (u0, v0) is known while, in Section 4, we assume that

(u0, v0) is either known or replaced by its strongly consistent estimator (û0, v̂0).
Further, let

Γ = (γ, β, δ, η), (x(t; Γ; x0, y0), y(t; Γ; x0, y0)) = (x(t), y(t)) ,

ξ(t) = x(t; 1, 1, δ, η; u0, v0) and υ(t) = y(t; 1, 1, δ, η; u0, v0), (2.6)

where (u0, v0) is the same as given in Corollary 1. Following Theorem 1,

(x(t), y(t)) =
(

1
γ

ξ(t),
1
β

υ(t)
)

, ∀t ≥ 0.

In passing, we would like to remark that the most original contribution of this paper
is the application of Theorem 1. Using Theorem 1, we are able to transform the
hypothesis testing problem in hand into usual testing problems.
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3 The uniformly most powerful unbiased test

In this section, we develop the UMPU test for the conversion efficiency parameter, θ.
The composite null and alternative hypotheses are given as follows:

H0 : θ ≤ θ0 against HA : θ > θ0, (3.1)

where θ0 is positive and known.
In order to solve the testing problem (3.1), let us consider the differences

∆x(j) = log (Xj)− log (ξ(j)) , ∆y(j) = log (Yj)− log (υ(j)) ,

where, for all j = 1, 2, . . . , N , the pair (Xj , Yj) are generated by the stochastic
model (2.3) and (ξ(j), υ(j)) is given by (2.6). Also, let the vectors

∆x = (∆x(1), ∆x(2), . . . ,∆x(N))′ , ∆y = (∆y(1), ∆y(2), . . . , ∆y(N))′ .

Let

φ = exp(−c) and the N ×N matrix Υ = σ2
(
φ|i−j|

)
i,j=1,2,...,N

. (3.2)

Further, let the real quantities

∥∥e
N

∥∥2

Υ
= e′

N
Υ−1e

N
, (3.3)

∆x =
(
e′

N
Υ−1e

N

)−1
e′

N
Υ−1∆x, ∆y =

(
e′

N
Υ−1e

N

)−1
e′

N
Υ−1∆y,

where em is the column vector of dimension m with all entries equal to 1. It can be
verified (see Nkurunziza, 2008 and reference therein), that

σ2
∥∥e

N

∥∥2

Υ
= [2 + (1− φ)(N − 2)] (1 + φ)−1 ,

∆x = T1 σ−2
∥∥e

N

∥∥−2

Υ
, ∆y = T2 σ−2

∥∥e
N

∥∥−2

Υ
,

where

T1 = ∆x(1) +
1

1 + φ

N∑

j=2

(∆x(j)− φ∆x(j − 1)) , (3.4)

and

T2 = ∆y(1) +
1

1 + φ

N∑

j=2

(∆y(j)− φ∆y(j − 1)) . (3.5)
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From the well known properties of exponential families, the statistic (T1, T2) is com-
plete and sufficient for the interaction parameters (γ, β). The UMPU test for conver-
sion efficiency is given the following proposition.

Proposition 1 Consider the testing problem in (3.1), at level 0 < α < 1. Under
(C1), (C2) and (C3) with ρ = 0, the UMPU test, at the level α, is given by

Ψ =





1, if
1√
2

∥∥e
N

∥∥
Υ

[
∆x −∆y + log(θ0)

]
< z1−α,

0, if
1√
2

∥∥e
N

∥∥
Υ

[
∆x −∆y + log(θ0)

]
> z1−α,

(3.6)

where Φ(zα) = 1− α, with

Φ(x) =
∫ x

−∞

1√
2π

exp
(−t2/2

)
dt.

The statistic
(
∆x,∆y

)
is given by (3.4). ¤

Proof From Proposition B.2 in the Appendix, Section B, the likelihood functions
of the observations (Xi, Yi)i=1,2,...,N is an exponential family. Further, its representa-
tion in the natural parametric space can be written as

dPθ∗,ϑ∗(x, y) = ψ̃ (θ∗, ϑ∗)× exp
{
θ∗U(x, y) + ϑ∗S(x, y)

}
dµ∗(x, y),

where µ∗ is a dominant measure, and

θ∗ = log(θ), ϑ∗ = log(β)

U(x, y) = −∥∥e
N

∥∥2

Υ
∆x , S(x, y) = −∥∥e

N

∥∥2

Υ

(
∆x + ∆x

)
,

ψ̃(θ∗, ϑ∗) = ψ (exp (θ∗ϑ∗) , exp (ϑ∗)) .

Let h be a real-valued function on R2 such that h(u, s) = 2u − s, for u and s real
numbers. Further, let V = h(U, S) and let us denote by θ∗0 = log(θ0). Moreover,
from Proposition B.3 given in the Appendix, V = −∥∥e

N

∥∥2

Υ

(
∆x −∆y

)
. Also, if

θ∗ = θ∗0 the distribution of V does not depend on ϑ∗ whereas the statistic S is com-
plete and sufficient for the interaction parameter β. Therefore, by Basu Theorem
(Lehmann, 1997, p. 191), V is independent of S when θ∗ = θ∗0.

Moreover, the function h is increasing in u for each fixed s. Therefore, from the
Theorem 1 in Lehmann (1997, Chap. 5, p. 190), for the testing problem (3.1) there
exists the UMPU test. By routine manipulation the UMPU test is given by (3.6),
which completes the proof. ¤

In passing, we would like to notice here that the maximum likelihood estimator of
θ is θ̂, such that

log(θ̂) = −∆x + ∆y =
1 + φ

2 + (1− φ)(N − 2)
(T1 − T2) . (3.7)

Moreover, −∆x and −∆y are the maximum likelihood estimator of log(γ) and log(β)
respectively.
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4 Large-sample test and practical aspects

Note that the test Ψ is useful if the parameters δ, η, φ, σ are known. However, in
practice, these parameters are usually unknown. Accordingly, we modify the test Ψ by
replacing the parameters δ, η, φ, σ with their strongly consistent estimators, δ̂, η̂, φ̂, σ̂.
The estimators and their properties are given in Froda and Nkurunziza (2007).

Let’s denote by ΠΨ(κ1, κ2) the power of the test Ψ evaluated at the point (κ1, κ2).
Moreover, we let

ζ(φ) =
1− φ

1 + φ
, ζ

N
(φ) =

2 + (1− φ)(N − 2)
1 + φ

and ζ
N

(φ̂) =
2 + (1− φ̂)(N − 2)

1 + φ̂
.(4.1)

Also, to avoid the asymptotic degeneracy, we confine ourselves to a sequence of local
alternatives, defined as

HA;N : log(θ) = log (θ0) +
λ√
N

, λ 6= 0.

As a preliminary step, in the following proposition we prove that Ψ is consistent test.
Proposition 2 Let λ be fixed and positive real number. Suppose that the assump-

tions (C1), (C2) and (C3) hold with ρ = 0. Then, uniformly in λ belonging to a fixed
compact of R+,

lim
N→∞

ΠΨ

(
log(θ0) +

λ√
N

)
= Φ

(
z

1−α
+

√
ζ(φ)λ
σ

)
.

Further
lim

N→∞
ΠΨ(log(θ)) = 1.

¤
As a consequence of Proposition 2, the asymptotic power of Ψ, under the local

alternatives is

Φ

(
z

1−α
+

√
ζ(φ)λ
σ

)
.

For practical reasons, we modify the test Ψ by replacing the parameters δ, η, φ, σ
with theirs strongly consistent estimators, δ̂, η̂, φ̂, σ̂. Hence, the new test is

Ψa =





1, if

√
ζ

N
(φ̂)

2σ̂2

[
Ta1 − Ta2

ζ
N

(φ̂)
+ log(θ0)

]
< z1−α,

0, if

√
ζ

N
(φ̂)

2σ̂2

[
Ta1 − Ta2

ζ
N

(φ̂)
+ log(θ0)

]
> z1−α,

(4.2)
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where ζ
N

(φ̂) is given by (4.1). Further (Ta1 , Ta2) are obtained from (3.2) and (3.4)
respectively, by replacing δ, η, φ, σ with δ̂, η̂, φ̂, σ̂. In a similar way, a plug-in estimator
of θ is derived from (3.7), by replacing δ, η, φ, σ with δ̂, η̂, φ̂, σ̂. Again, to simplify some
computations, we assume that (u0, v0) is known. Nevertheless, by replacing (u0, v0)
by its strongly consistent estimator (û0, v̂0), we preserve the asymptotic properties of
the test. This follows from the Theorem on continuous dependence of trajectories on
the initials conditions, for the ODE system (Perko, 1996, p. 92).

Noting that, the proposed new test-statistic Ψa, is not the UMPU test-statistic.
However, in the following proposition, we demonstrate that Ψa is indeed asymptotically
as powerful as the uniformly most powerful unbiased test.

Proposition 3 Let λ be any fixed and positive real number. If the assumptions
(C1)− (C3) hold and ρ = 0, then,

lim
N→∞

ΠΨa

(
log(θ0) +

λ√
N

)
= Φ

(
z

1−α
+

√
ζ(φ)λ
σ

)
. ¤

5 Concluding Remarks

This paper deals with the testing problem for the variation of the conversion efficiency
parameter. Methodologically, we used measurement type model. This model has the
advantage of incorporating a stochastic differential equations modeling, while preserv-
ing the oscillatory behaviour of the ODE system. This is in accordance with the fact
that many animal populations exhibit periodic behavior (see e.g. Kendall et al., 1999,
Ginzburg and Taneyhill, 1994 or Royama, 1992, chapters 5-6).

For other type of models provided in the mathematical biology literature, we refer
to the monograph by Renshaw (1991), and the review paper by Brillinger (1981).

In testing problems, we derived the one-sided UMPU test for testing the conver-
sion efficiency parameter when the nuisance parameters (δ, η, σ, φ) are to be known. In
particular, the test presented allows the ecologists to compare the interaction param-
eters γ and β. Furthermore, the suggested test is also useful for testing the one-sided
hypothesis regarding the ratio, mean of the predator by the mean of the prey during a
period of the ODEs (1.1). Further, we extended this test to a more realistic situation.
That is the case when the interaction parameters (δ, η, σ, φ) are unknown. In this case,
by replacing these parameters by their strongly consistent estimators (δ̂, η̂, σ̂, φ̂), we
derive a test which is asymptotically as powerful as the UMPU test for the known
nuisance parameters case. The new contribution of this paper consists in the use of
Theorem 1 to transform the hypothesis testing problem into some familiar problems.
Basically, after this re-parametrization, we applied classical techniques in testing hy-
potheses, in particular, for the Gaussian case. For some simulation result we refer to
Nkurunziza and Ahmed (2009).
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Appendix

A Theoretical result concerning the Lotka-Volterra ODEs

Proof of Corollary 1
Here the proof is presented for the convenience of the reader, it is similar to that

given in Nkurunziza (2008). From the Theorem 1, by taking κ1 = 1/γ and κ2 = 1/β,
we get

x (t; γ, β, δ, η, x0, y0) =
1
γ

x(t; 1, 1, δ, η, u0, v0),

y (t; γ, β, δ, η, x0, y0) =
1
β

y(t; 1, 1, δ, η, u0, v0).

Therefore, for γ, β > 0, the function

(x(t; 1, 1, δ, η, u0, v0), y(t; 1, 1, δ, η, u0, v0))

has the same period as the function

(x(t; 1, 1, δ, η, u0, v0)/γ, y(t; 1, 1, δ, η, u0, v0)/β) .

This completes the proof. ¤

B Some properties of the error process

We outline the proof of the propositions stated in Section 2 and Section 3. The
full proofs are given in Nkurunziza (2008) to which we refer the reader. We begin
by giving Proposition B.1 which allows us to guarantee the existence of a process{
(WX

t ,W Y
t ), t > 0

}
satisfying the assumption (C1).

Proposition B.1 Let
{
ZX

t , t > 0
}

and
{
ZY

t , t > 0
}

be two independent Wiener
processes and let

WX
t =

1√
2

(√
1 + ρZX

t −
√

1− ρZY
t

)
, W Y

t =
1√
2

(√
1 + ρZX

t +
√

1− ρZY
t

)
.(B.1)

Then, Assumption (C1) holds. ¤
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Nkurunziza (2008) proved the converse of the proposition. That is, if (C1) holds,
then there exist two independent Wiener processes

{
ZX

t , t > 0
}

and
{
ZX

t , t > 0
}

such
that (B.1) holds. We wish to establish the likelihood function of the model (2.3). Let

A(s, t) =
(

e−ct 0
0 e−cs

)
and Bρ(u, s) =

(
1 0
0 I{u6s}

)( √
1 + ρ −√1− ρ√
1 + ρ

√
1− ρ

)
.

Further, using the converse of the Proposition B.1 as well as the standard stochas-
tic calculus techniques, Nkurunziza (2005, Proposition 1.3) established the following
result.

Corollary B.1 Suppose that the assumption (C1) holds. Then, for all t > s > 0,

(
eX
t , eY

s

)′
= A(s, t)

{(
eX
0 , eY

0

)′
+

τ√
2

∫ t

0
ecuBρ(u, s)dZu

}

where {Zu, u > 0} is a bivariate Wiener process, whose components are ZX
t , ZY

t given
in (B.1). ¤

Let et =
(
eX
t , eY

t

)
, and let

k(s, t) = e−c(t∨s) sinh (c (t ∧ s)) , ΣXY (s, t) = σ2

(
1 2ρk(s, t)

2ρk(s, t) 1

)
.

Corollary B.2 (Nkurunziza (2005, Proposition 1.3)) Suppose that the as-
sumptions (C1)− (C2) hold. Then, {(eX

t , eY
s

)′
, s > 0, t > 0} is Gaussian with

(
eX
t , eY

s

)′ ∼ N2

(
0, ΣXY (s, t)

)
, s > 0, t > 0. ¤

By applying Corollary B.2, we establish Corollary B.3 for the likelihood function
of

(
eX
ti , e

Y
ti

)
i=1,2,...,N

where
{(

eX
t , eY

t

)
, t > 0

}
satisfies the relation (2.4). Before stating

Corollary B.2, let us introduce some notations used in this corollary. Let et =
(
eX
t , eY

t

)′
and denoted by

Σ11(s) = σ2

(
1 ρ

(
1− φ2s

)
ρ

(
1− φ2s

)
1

)
= ΣXY (s, s) and

Σ̃n =
(
Σ11(t(i∧j))φ

|tj−ti|
)

i,j=1,2,...,N
. (B.2)

Corollary B.3 (Nkurunziza, 2005, Corollary 1.7) Let
{
eX
t , t > 0

}
and

{
eY
t , t > 0

}
be two Ornstein-Uhlenbeck processes given by (2.4). Suppose that the assumptions (C1)
and (C2) hold. Then, for all 0 < s < t,

(i)

(
es

et

)
∼ N4

(
0,

(
Σ11(s) φt−sΣ11(s)

φt−sΣ11(s) Σ11(t)

))
.
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(ii) Generally, for all 0 < t1 < t2 < · · · < tn,

(
e′t1 , e

′
t2 , . . . ,e

′
tn

)′ ∼ N2n

(
0, Σ̃n

)
. ¤

In the following proposition, we combine the Corollary B.3 and Theorem 1 in
establishing the likelihood function of the model (2.3). As notation, given any vector
a, we denote by ‖a‖2

Υ = a′Υ−1a. Also, let

ς(σ, φ, ρ) =
ρ2φ2(2− φ2)

σ2(1− ρ2)[1− ρ2(1− φ2)2]
,

G (X,Y , σ, φ, ρ, δ, η) = (det(Υ))−1 exp
{
−1

2

∥∥∆x −∆xe
N

∥∥2

Υ
− 1

2

∥∥∆y −∆yeN

∥∥2

Υ

}

× exp
{
ς(σ, φ, ρ)[∆x(1)2 + ∆y(1)2 − 2ρ∆x(1)∆y(1)]

}

× exp
{
−1

2

[(
∆x

)2 +
(
∆y

)2
] ∥∥e

N

∥∥2

Υ

}

and

ψ (γ, β, σ, φ, ρ) = exp
{
−1

2

[(
(log(γ))2 + (log(β))2

)]
e′

N
Υ−1e

N

}

× exp
{
ς(σ, φ, ρ)[log(γ)2 + log(β)2 − 2ρ log(γ) log(β)]

}

× (2π)−N
[
1− ρ2

(
1− φ2

)2
]−1

,

where ∆x et ∆y are given in (3.2). Furthermore, let Q(γ, β) be the likelihood function
of (Xi, Yi)i=1,2,...,N .

Proposition B.2 Suppose that the assumptions (C1)− (C3) are satisfied. Then,

Q (γ, β) = G
(
x, y, σ, φ, ρ, δ, η

)
ψ (γ, β, φ, ρ) (B.3)

× exp

{[
ς(σ, φ, ρ)[∆x(1)− ρ∆y(1)]−

∥∥e
N

∥∥2

Υ

1− ρ2
[∆x − ρ∆y]

]
log(γ)

}

× exp

{[
ς(σ, φ, ρ)[∆y(1)− ρ∆x(1)]−

∥∥e
N

∥∥2

Υ

1− ρ2
[∆y − ρ∆x]

]
log(β)

}
.

In particular, if ρ = 0 then

Q (γ, β) = G
(
x, y, σ, φ, 0, δ, η

)
ψ (γ, β, φ, 0)

× exp
{
−∥∥e

N

∥∥2

Υ

[
∆x log(γ) + ∆y log(β)

]}
. (B.4)
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¤
Proof We outline the proof for a particular case where ρ = 0. Following the

Theorem 1, (
1
γ

ξ(t),
1
β

υ(t)
)

= (x(t), y(t)) then,

∆x + e
N

log(γ) =
(
eX
1 , eX

2 , . . . ,eX
N

)′
and ∆y + e

N
log(β) =

(
eY
1 , eY

2 , . . . , eY
N

)′
,

where {(eX
t , eY

t ), 0 ≤ t ≤ T} is a process which verifies the system (2.4) as well as the
assumptions (C1) and (C2). Therefore, if ρ = 0, by using Corollary B.3, we get

(
∆′

x,∆′
y

)′ ∼ N2N

(
(− log(γ),− log(β))′ ⊗ e

N
, I2 ⊗Υ

)
. (B.5)

By some computations, we get the desired result.
From the following proposition, we consider a particular case where ρ = 0. Thus,

we use the likelihood function given in (B.4). The general case where ρ 6= 0 and known
can be studied in the similar way by using the more general likelihood function given
by (B.3).

Proposition B.3 Suppose that the assumptions (C1)− (C3) hold. If ρ = 0, then,

(i)
(
∆x + log(γ),∆y + log(β)

)′ ∼ N2

(
0, I2

∥∥e
N

∥∥−2

Υ

)
;

(ii) if γ/β = θ = θ0,

∆x −∆y ∼ N
(
− log(θ0), 2

∥∥e
N

∥∥−2

Υ

)
and

∆x + ∆y ∼ N
(
− log(θ0)− 2 log(β), 2

∥∥e
N

∥∥−2

Υ

)
.

¤
Proof of Proposition 2 By Proposition B.3,

(
∆x −∆y

)
is Gaussian. Indeed,

from the definition of test power,

lim
N→∞

ΠΨ

(
log(θ0) +

λ√
N

)
= lim

N→∞
Φ

(
z

1−α
+ ‖e

N
‖Υ (log(θ)− log(θ0))

)
where,

‖e
N
‖Υ (log(θ)− log(θ0)) = ‖e

N
‖Υ

λ√
N
−−−−→
N→∞

√
1− φ

σ2(1 + φ)
λ =

√
ζ(φ)
σ

λ,

and ζ(φ) = (1− φ)/(1 + φ). Therefore,

lim
N→∞

ΠΨ

(
log(γ0) +

λ√
N

, log(β0) +
λ2√
N

)
= Φ

(
z

1−α
+

√
ζ(φ)
σ

λ

)
.
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By the Dini Theorem (see Corollary 1 of Toma, 1997) or by compactness and conti-
nuity arguments (see Theorem 4.1 of Beer and Diconcilio, 1991), we conclude that
this convergence is uniformly in every compact of R2. Also, one can verify that
limN→∞ΠΨ(γ, β) = 1, that completes the proof. ¤

Proof of Proposition 3 From Proposition B.3, if λ is a fixed real and positive
number, we get,

∥∥e
N

∥∥
Υ

(
∆x −∆y + log(θ0)

)
= ‖e

N
‖Υ

(
T1 − T2

σ2‖e
N
‖2

Υ

+ log(θ0)

)

L−−−−→
N→∞

N
(
−

√
ζ(φ)λ
σ

, 1

)
. (B.6)

Let’s denote by aN ³ bN when ratio aN/bN tends to 1, a.s. as N → ∞. From (4.1),
we deduce that,

‖e
N
‖Υ =

√
ζN (φ)

σ2
³

√
ζ

N
(φ̂)

σ̂2
and then, ‖e

N
‖Υ




√
ζ

N
(φ̂)

σ̂2



−1

a.s.−−−−→
N→∞

1. (B.7)

Moreover, under HA,
(

T1 − T2

σ2‖e
N
‖2

Υ

+ log(θ0)
)

(
Ta1 − Ta2

ζ
N

(φ̂)
+ log(θ0)

) ³ − log(θ) + log(θ0)
− log(θ) + log(θ0)

a.s.−−−−→
N→∞

1. (B.8)

√
ζ

N
(φ̂)

√
σ̂2

(
Ta1 − Ta2

ζ
N

(φ̂)
+ log(θ0)

)
L−−−−→

N→∞
N

(
−

√
ζ(φ)λ
σ

, 1

)
, for λ > 0.

Therefore,

lim
N→∞

ΠΨa

(
log(θ0) +

λ√
N

)
= Φ

(
z

1−α
+

√
ζ(φ)λ
σ

)
. ¤
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