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Abstract

Mukhtar M. Ali has made many innovative and influential contributions in different areas
of economics, finance, econometrics, and statistics. His contributions include developing
econometric models to examine the determinants of the demand for casino gaming,
investigating the approximate and exact distribution and moments of various econometric
estimators and test statistics, and studying the statistical properties of time series based
statistics under stationary and non-stationary processes (for example, see Ali and
Thalheimer (1983, 2008), Ali (1977,1979,1984,1989), Ali and Sharma (1993,1996),
Tsui and Ali (1992,2002), Ali and Giaccotto (1982a,1982 b,1984). Ali and Tiao
(1971), and Ali and Silver (1985,1989), among others). All of these have made
significant impact on the profession and have been instrumental in advancing further
research in statistics and econometrics. In this paper, we study the approximate first two
moments of two weighted average estimators of the slope parameters in linear panel data
models. The weighted average estimators shrink a generalized least squares estimator
towards a restricted generalized least squares estimator, where the restrictions represent
possible parameter specifications. The averaging weight is inversely proportional to a
weighted quadratic loss function. The approximate bias and second moment matrix of the
weighted average estimators using the large-sample approximations are provided. We
give the conditions under which the weighted average estimators dominate the
generalized least squares estimator on the basis of their mean squared errors.

Key Words: Asymptotic approximations; fixed-effects; panel data; random-effects;
Stein-like shrinkage estimator.
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1. Introduction

Estimation and forecasting under model uncertainty has been one of the
fundamental issues in econometrics. In recent years, a large body of literature has
been concerned with advancing a number of different approaches to overcome a
variety of model uncertainty problems. The two most common approaches are
model selection and model averaging. Model selection aims to find, among the set
of models under consideration, the best approximate model for the unknown true
data generating process. In this method, investigators typically first select the best
performing model based on diagnostic tests (like Wald, F,t-ratios, R-squared,
information criteria, etc.) and then carry out inference according to the selected
model. This popular approach (also known as "pre-testing™) is subject to many
problems (Magnus (1999); Magnus and Durbin (1999); Danilov and Magnus
(2004a, 2004b)). The most important problem is that the model selection and
estimation are completely separated such that the uncertainty of the initial model
selection step is ignored throughout the parameter estimation and inference, see
for example Magnus (2002) and Leeb and Poétscher (2003,2006), among others,
who show the initial model selection step may have non-negligible effects on the
statistical properties of the resulting estimators. Taking the above problems into
consideration, model averaging is introduced as an alternative to model selection.
In model averaging, the uncertainty is addressed by averaging (weighted) over the
set of candidate models. However, one of the challenges of this method is how to
assign weights to different candidates to minimize a specific loss function.

This paper investigates two weighted average estimation methods in linear panel
data models to deal with uncertainty issues about the slope parameters. The
weighted average estimators shrink a feasible generalized least-squares (FGLS)
estimator towards a shrinkage direction, or equivalently a set of parameter
restrictions. The restrictions are not necessarily believed to be true, but instead
represent a belief about where the parameters of the model are likely to be close.
Therefore, the proposed estimator is a weighted average of the FGLS estimator
and a feasible restricted generalized least-squares estimator that belongs to the
restricted parameter space. The shrinkage weight is inversely related to a weighted
loss statistic that measures the weighted distance of the FGLS estimator and the
restricted estimator. To evaluate our proposed estimators, we derive higher order
approximations of the bias and mean squared error (MSE) of our proposed
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estimator using Nagar (1959) large sample approximations. Furthermore, we show
the dominance properties of our weighted average estimators in terms of risk,
which ensures that our proposed estimators are robust against arbitrary deviations
from the restrictions.

The literature on weighted average estimation is substantial, which mainly was
initiated by a seminal paper by Stein (1956). In that paper, Stein showed that the
maximum likelihood estimator (MLE) for the mean of a multivariate normal
distribution is inadmissible. This means that it is possible to construct an estimator
with smaller risk than the MLE for the entire parameter space. James and Stein
(1961) exhibited an estimator whose risk is uniformly smaller than that of the
MLE. Paradoxically, the James-Stein estimator is itself inadmissible and can be
dominated by another inadmissible estimate like its positive part (Baranchick
(1964)). Judge and Bock (1978) and Ullah and Ullah (1978) developed this
method for most of econometric estimators. Recently, Mehrabani and Ullah
(2020), Hansen (2016) and Maddala et al. (2001) use weighted average
estimation methods to deal with model uncertainty between two candidate models
in seemingly unrelated regressions, cross-sectional models, and heterogenous
panel data, respectively. See also Lee et al. (2021) who utilize weighted average
estimation in structural breaks.

The paper is organized as follows. Sections 2 and 3 describe the model and the
estimators. We give the analytical bias, mean squared error matrix and the risk of
the weighted average estimators using the large-sample approximations in section
4. Monte Carlo experiments are presented in Section 5 to study the finite sample
performance of our proposed estimators. Section 6 contains some concluding
remarks, and proofs are given in Appendix A.

Notation: Throughout the paper, we adopt the following notation. For an m X n
real matrix A we write the transpose A'. When A is symmetric, we use A, (4)
and Amin(A) to denote the largest and smallest eigenvalues, respectively. I, and

0,4 denote the p X p identity matrix and p X q matrix of zeros.

2. The Model and Assumptions
Consider the following linear panel data model

Yie=a; +xif +uy i=1,..,N,andt =1, ..., T, (2.1)
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where y;, is the dependent variable, x;; = (x;¢.1, ..., Xt ) is @ k X 1 vector of
exogenous regressors for unit i, and u;; is the unobserved error term, where T is
the time dimension, and N is the cross-section dimension. S is a k x 1 vector of
common unknown slope coefficients of interest, and «; is the individual effect
(fixed effect or random effect).

Stacking the observations over t, we can express the model in (2.1) as
Vi = Qilr + XLB + u;, i = 1, ,N (22)

where y; = (y;4,...,¥;r)" 1S @ T X 1 vector of observations on the dependent
variable, X; = (x;1, ..., x;7)" is @ T X k matrix of observations on the regressors,
u; = (U, ..., u;p)" is @a T X 1 vector of disturbances fori=1,...,N, and ¢y is a
T x 1 vector of ones. In a matrix form, we can write the model as

y=Da+XB +u, (2.3)

where y = (yq, .., ya)u = (ug, .., uy), X = (X4, ... Xp) a = (aq, ..., ay)’,
and D = Iy & ¢y isamatrix of NT X N.

We make the following assumptions.

Assumption 1: The disturbances are normally distributed and for all i,j =
1,..,N,

(i) E(uy) = 0.

. ?ly, ifi=j

i) E(u;u;) = ’

(i ( ' ]) {0, otherwise.

Assumption 2: The matrix of regressors X, which is of order NT X k has full
column rank and consists of non-stochastic elements.

Assumption 3: The individual effects, «;, follow one of the followings
(a) Fixed Effects Model: they are constant terms.

(b) Random Effects Model: they are normally distributed and for all i,j = 1, ..., N,
andt=1,..,T,

(i) E(e;) = 0,
(i) E(a;u;) = 0,
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o2, ifi=j
i) E(qja)) =1 %
(i) ( t ) {O, otherwise.

3. Estimators

Our goal is to estimate the vector of slope parameters, £, in equation (2.1). We
consider four estimators of the slope parameters: i ) an unrestricted generalized
least squares estimator, ii) a restricted generalized least squares estimator that
shrinks the unrestrictive estimator towards a restricted parameters space, iii) a
Stein-like weighted average estimator which is a weighted averages of the
restricted and the unrestricted estimators where the weights are proportional to a
weighted quadratic loss function, and iv ) a weighted average minimal mean
squared error (MMSE) estimator which is a weighted average of the restricted and
the unrestricted estimators where the weights are derived by minimizing the risk.

We will examine the estimators for fixed effects and random effects models
separately.

3.1. Fixed Effects Models

Since the individual effects, a; 's, are not our primary interest, we concentrate
them out and obtain the following regression model from the model in (2.1)

y; =X,p + 1, fori =1,..,N (3.1)
where for example ¥; = M,.y; = (Ji1, ..., Yir)', M, = It — 17 (tptr) ~hiy, therefore
Vie = yie — T71YT_, ;. It is convenient to stack the N equations above in the
following form

y=XB+1, (3.2)
where § = (1, ..., ¥y) @ = (&, ..., Gy), X = (X}, ., X4) . and for example
y = Mpy, and M, = (IN ® MLT) = Iy — D(D'D)~1D’ which is an idempotent
matrix.

Unrestricted Estimator

The typical estimator for the slope parameters in fixed effects models is a least
squares estimator® defined as

"We note that under Assumption 1 since the errors are homoscedastic and uncorrelated,
the least squares estimator is identical to the generalized least squares estimator.
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-1

f=(X%)"Ry=p+(XX) X (3.3)

Restricted Estimator

Because of a belief that the true parameter values may be close to a restricted
parameter space ®, = {f € R*:r(f) = 0} where r(8) = RB: R*¥ - RY, we want
to shrink § towards the restriction space ©,. The purpose of the restrictions can be
a model specification, a structural model, a set of exclusion restrictions, or any
other restrictions that are often tested by means of hypothesis testing to improve
the estimation efficiency.

Hence, we can derive the restricted estimator from the following minimization
Miniﬂmize(f/ —XB)' (7 — XB), subjectto RB = 0.

The solution to the above minimization can be formulated as a restricted least
squares estimator

. - -1 11 4 o\ A

F=p-XX) R [R(X'X) 1R'] RE = (I, — P)B, (3.4)
where 7 = (2/%) 'R’ [R(T'%) "R R

Remark 1: A restricted parameter space, ©,, which is common in applied

economics will take the form of an exclusion restriction. For example, if we
partition

=[] @9

where B, (k — q) X 1, represents the slopes of the core regressors, and 5,,q X 1,
includes the slopes of included auxiliary regressors that are included in the model
for robustness but may or may not be included in the model. Therefore, an
exclusion restriction takes the form

RB = [Ogxk-q) 1418 = Ba =0, (3.6)
where the restriction sets the last g slope parameters equal to zero.
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Weighted Average Estimators

We define the Stein-like weighted average estimator as

ba=(1-3)p+35, (37)
and the weighted average MMSE estimator® as below

bu=(1-5)p+5B, (3.8)
where D is a weighted quadratic loss function defined as
D=@B-B'W(B-5) (3.9)

and W is an arbitrary symmetric positive definite weight matrix with elements of
order O(NT) , fi=tr (62ﬁ()?')?)'1w) . where 62 = @'Mgii/(NT — N —

k),Mgz = Iyr —)?()?’)?)_1)?’, and 7 is a positive characterizing parameter. We
will defer describing the optimal choice of T in the next section. It is worth
mentioning that, the weighted average estimators are similar and the only
difference is in the characterizing parameters. The Stein-like weighted average
estimator leaves the characterizing parameter user-specified that can be
determined by minimizing a statistic. However, the weighted average MMSE has
a specific form for the characterizing parameter that is determined by minimizing
the risk.

The idea behind the weighted average estimators defined above is that when the
difference between the restricted and the unrestricted estimators is small (D is
small ), the weighted average estimators give higher weights to the restricted
estimator, as it is the most efficient estimator. However, when the difference
between the restricted and the unrestricted estimators is substantial, the bias of the
restricted estimator, which is caused by imposing the parameter restrictions, can

ZConsider the class of estimators By = wf + (1 — w)f, where w is a scalar. Then the risk
associated with this estimator is

Risk(Bu) = E(Bu — ﬁ)’W(ﬁ:M —B) = ) i
w?Risk(B) + (1 — w)?Risk(B) + 2w(1 — w)EB - B'W(B - B).
The value of w that minimizes the above risk, say w* is
tr(o?P(X'X) W)
Risk(Z)
which can be approximated by & = tr (62P()?’X’)_1W) /D.
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be more than its variance efficiency gain, so the weighted average estimators
assign higher weights to the unrestricted estimator.

3.2. Random Effects Models
In the random effects case, we can write the model in (2.1) as below
Vi = Xlﬁ + €i, (310)

where the error term €; = (€4, ..., €;¢)" consists of the time-invariant random
effects, a;, and the random component u;. Under Assumption 3( b), the variance-
covariance matrix of e is equal to Q = o?(Mp + 171Zp) = 620, where 1 =
o?/o7,0f = 0% +Tog, and Z, = D(D'D)~'D'.Q can be estimated by replacing
Awith A = 62/62, where

-1
57— u’(MD—MDX(X'MDX) X’MD)u

- N(T-1)-k ’ (3.11)
) 6’[ZD—ZDX(X'ZDX)_1X’ZD]E
6y = — : (3.12)

Hence, Q = M, + 171Z,, is an estimator of Q.
Unrestricted Estimator

The typical estimator for the slope parameters in random effects models is a
feasible generalized least squares (GLS) estimator defined as

f=(x0 X)Xy = g+ (X'27X) XD e, (3.13)
where Q is the estimator of Q.

Restricted Estimator

Because of a belief that the true parameter values may be close to a restricted
parameter space 0, = { € R¥:r(B) = 0} where r(8) = RB: R* - R, we want
to shrink A towards the restriction space ®,. The purpose of the restrictions can be
a model specification, a structural model, a set of exclusion restrictions, or any
other restrictions that are often tested by means of hypothesis testing to improve
the estimation efficiency.
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Hence, we can derive the restricted estimator from the following minimization
Miniﬁmize(y —XB)'Q~*(y — XpB), subjectto R = 0.

The solution to the above minimization can be formulated as a feasible restricted
GLS estimator

B=p-(xa1x) "R [R(X’ﬁ‘lX)_lR’]_l Rp = (I, — P)B, (3.14)
~ —~ -1 e -1 -1
where P = (X'01x) R [R(X'Q7X) R'| "R.

Weighted Average Estimators

We define the Stein-like weighted average estimator as below

Ba=(1-5)B+55. (3.15)
and the weighted average MMSE estimator as below

bu=(1-5)p+58, (3.16)
where D is a weighted quadratic loss function defined as

D= -pw(p-p) (3.17)

and W is an arbitrary symmetric positive definite weight matrix with elements of
order O(NT), fi = tr (6213(X’ﬁ‘1X)_1W) and 7 is a positive characterizing
parameter. We will defer describing the optimal choice for 7 in the next section.

4. Large-Sample Approximate Bias and MSE

We employ the large-sample approximations method developed by Nagar (1959),
to analyze the bias, mean squared error matrices (MSEM), and risks of the
weighted average estimators for the fixed effects and the random effects models.

4.1. Fixed Effects Models

In the fixed effects case where the individual effects are constant terms, the
unrestricted estimator is unbiased and we have

Bias(8) = E(B — B) = 0, (4.1)
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MSEM(8) = E(8 -~ B)(B — B)’ = o*(X'X) ™, (4.2)
Risk(3) = E(f — )W (B - B) = o?tr (X'%)"'w). (4.3)

Theorem 1: Under Assumptions 1, 2, and 3(a), the bias of the Stein-like weighted
average estimator up to order O((NT)™1) is

Bias(8,) = E(fs — B) = -3 PB, (4.4)

and the MSEM of the Stein-like weighted average estimator up to order
O((NT) %) is

5 5 s ' s TE 2
MSEM(84) = E[(Ba— B)(Ba — B)'| = MSEM(B) + %Pﬁﬁ’P’ - éazP(X’X) P
+%02 (Pas PWP(RX) "B+ B(X'R) P WhpR P 5)

and for the symmetric positive definite weight matrix W of order O(NT), the risk
of the weighted average estimator up to order O((NT)™1) is

Risk(B4) = E|(Bs = B) W (Bs — B)| = Risk(B) + % lr —2|u(C) - 2%]],(4.6)
where ¢ = a?WY2p(X'%) " P'WY/2,§ = B'B'WPB = O(NT), and &, =
B'P'WYACW2PB = O(NT).

Proof: Appendix A.

From Theorem 1, it follows that the Stein-like weighted average estimator
dominates the unrestricted estimator in terms of having a smaller risk, when the
second term on the right-hand side of equation (4.6) is negative, which holds
when

0<7<2|r(C)- 2%], (4.7)

given the term in the square bracket is positive. Therefore, when 7 satisfies the
condition (4.7), the risk of the Stein-like weighted average estimator is less than
the risk of the unrestricted estimator up to the order of interest. In addition, as the
choice of the characteristic parameter is user-specified, its optimal value, 7.y,
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that minimizes the risk of the Stein-like weighted average estimator up to order
O((NT)™), is

Top = tr(€) — 2% , (4.8)
since ¢/ depends on the unknown slope coefficients, one can replace it with its

supremum value which is equal to A, (C). 3

Theorem 2: Under Assumptions 1, 2, and 3(a), the bias of the weighted average
MMSE estimator up to order O((NT)™1) is

(4.9)
and the MSEM of the estimator up to order O((NT)™2) is

tr(C)

MSEM(Bu) = E (8w — B) (Bu — ﬁ)]—MSEM(b’H("(C” PREP — 2002 B (X %) P

Ztr(C) o2

4.1
+

|Bp'PwB(X'%) 7P+ B(X'X) PWPBE'F,
0)

and for the symmetric positive definite weight matrix W of order O(NT), the risk
of the estimator up to order O((NT)™1) is

Risk(B) = E| (B — 8) W (Bu — B)] = Risk(8) — 2 [er(C) - 4%].
(4.11)
Proof: Appendix A.

*Consider the class of estimators By = wf + (1 — w)f, where w is a scalar. Then the risk
associated with this estimator is

RiSk(ﬂM)A = E(BM - ﬁ) W(ﬁy - ﬁ) = R ~

w?Risk(B) + (1 — w)?Risk(B) + 2w(1 — w)EL —B)'W(L —B)

The value of w that minimizes the above risk, say w* is
tr(a2P(X'X) W)
Rlsk(ﬁM)

—~

which can be approximated by & = tr( P(X'X) W) D.
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From Theorem 2, it follows that the weighted average MMSE estimator dominates
the unrestricted estimator in terms of having a smaller risk, when the second term
on the right-hand side of equation (4.11) is negative, which holds when

o g P
C)>4—.
tr(C) > 3

Since the condition above depends on the slope parameters, it can be replaced
with tr(€) > 445, (O).

Furthermore, comparing the two weighted average estimators, it is clear that the
dominance condition of the Stein-like weighted average estimator (tr(é) >
ZAmaX(C)) is weaker than the dominance condition for the weighted average
MMSE estimator (tr(C) > 4Ayax(C).) Moreover, the risk of the Stein-like
weighted average estimator using the optimal z,,,, is smaller than the risk of the
weighted average MMSE estimator.

4.2. Random Effects Models

In case the individual effects are random, the large- N (fixed T) approximate bias
and MSEM of the unrestricted feasible GLS estimator up to order 0(N~1), and
0(N~2) respectively, are derived in Ullah and Huang (2006), which are equal to

Bias(B) = E(8 — B) =0,
4.12)
210°%T

MSEM(8) = BB = BB~ B)' = (X070 4 p—s by, (413)

L - . o 2Ac?T
Risk(B) =E(B-B)'W(B—B) = c?r(W(X'Q1X)™ ) + N(T—_l)tr(WAl),
(4.14)

where A = X'Q71X,B =X"ZpX,A, = A"Y(B—ABA™'B)A™ 1 = 0o(ND).

Theorem 3: Under Assumptions 1, 2, and 3(b), the bias of the Stein-like weighted
average up to order O(N~1) is
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Bias(f4) = E(Ba — B) = —éPﬁ, (4.15)
and the MSEM of the average estimator up to order O(N~2) is
. . . ' . 2 2
MSEM(8,) =E [(ﬂA ~B)(Bs - B) ] = MSEM() + %Pﬁﬁ’P’ - ETUZP(X'Q*X) (4.16)
ZT 2 1pl rn-1 -1p/ rn—-1 -1p/ I p!
+Wa {PBB'P'WPX'Q™1X)71P' + P(X'Q™1X)"P'WPBS'P'},

and for the symmetric positive definite weight matrix W of order O(N), the risk
of the Stein-like weighted average estimator up to order O(N~1) is

Risk(Ba) = E [(4 — B) W(Bx - §)] = Risk(§) + [T ~2[uc) - %qbc]],
(4.17)

where C = aZW%P(X’Q*X)‘lP’W%.

Proof: Appendix A.

From Theorem 3, it follows that the Stein-like weighted average estimator
dominates the unrestricted estimator in terms of having a smaller risk, when the
second term on the right-hand side of equation (4.17) is negative, which holds
when

0<7<2tr(C)- %d)c], (4.18)

given the term in the bracket is positive. Therefore, when t satisfies the condition
(4.18), the risk of the Stein-like weighted average estimator is less than the risk of
the unrestricted estimator up to the order of interest. In addition, as the choice of
the characteristic parameter is user-specified, its optimal value, 7,,,, that
minimizes the risk of the Stein-like weighted average estimator up to order
O(N71Y),is

Ty = tr(C) — %qbc. (4.19)

Further, since ¢./¢ depends on the unknown slope coefficients, one can replace it
with its supremum value which is equal to A,,,.4(C).

Theorem 4: Under Assumptions 1, 2, and 3(b), the bias of the weighted average
MMSE estimator up to order O(N 1) is

Bias(fy) = E(By — B) = —%Pﬁ, (4.20)
and the MSEM of the estimator up to order O(N~2) is
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2
MSEM(fy) = E|(fy — B)(Bu — B) | = MSEM(P) + %P[)’[)”P’ - ZtrTfC)(,zP(X’Q—lx)—lp’
Zt;—(zc)az{Pﬁﬁ’P’WP(X’Q‘lX)‘lP’ + P(X'QLX)LP'WPBB'PY, (421)

and for the symmetric positive definite weight matrix W of order O(N), the risk of
the estimator up to order O(N~1) is

Risk(By) = E [(Bu — B)' W (Bu — B)| = Risk(8) -
(4.22)
Proof: Appendix A.

From Theorem 4, it follows that the weighted average MMSE estimator dominates
the unrestricted estimator in terms of having a smaller risk, when the second term
on the right-hand side of equation (4.22) is negative, which holds when

tr(C) > 4%.
Since the condition above depends on the slope parameters, it can be replaced
with tr(C) > 44,5 (C).

Furthermore, comparing the two weighted average estimators, it is clear that the
dominance condition of the Stein-like weighted average estimator (tr(C) >
2Amax(€)) is weaker than the dominance condition for the weighted average
MMSE estimator (tr(C) > 4A.¢(C).) Moreover, the risk of the Stein-like
weighted average estimator using the optimal 7., is smaller than the risk of the
weighted average MMSE estimator.

TR e 5]

5. Monte Carlo Simulation

In this section, we investigate the finite sample mean squared error of the Stein-
like weighted average and the weighted average MMSE estimator via Monte
Carlo experiments.

We consider the following data-generating process
Vi = @ +xief +uy,

where u;; is i.i.d. N(0,1), and «a; is i.i.d. N(0,1). The regressors are generated for
fixed effects as x;; = v;; + 0.2a;, and for random effects case as x;; = v;;, and

Vie = (Vig1, o Viex ) ~N(0, ), where the diagonal elements of X are o2 and off-
diagonal elements are pa2, and we set 2 = 0.1. The number of regressors is
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k = 6 with two core regressors and four auxiliary regressors. The regression
coefficients are determined by the rule

(1 L (qart I
B - C<4J4!m(1) q )"'Iq)) )
where g is the number of auxiliary regressors. The parameter c is selected to
control the population R?, and R? varies on a grid between 0.1 and 0.9.

We consider four estimators for each fixed effects and random effects model: (1)
the unrestricted estimator, (2) the restricted estimator where the restriction matrix
follows the form of the restriction matrix in Remark 1 with g = 4, (3) the Stein-
like weighted average estimator, (4) the weighted average MMSE estimator. Our
parameters of interest are the slope parameters of the core regressors (the first two
slope parameters). To evaluate the performance of our proposed estimators, we
compute the risk based on the quadratic loss function. The risk (expected squared
error) is calculated by averaging across 1000 random samples. We report the
normalized risk by dividing the risk of each estimator by the risk of the
unrestricted estimator in figures 1-5. The results show the normalized risk for
p = 0,0.25, 0.5 in three panels for different N and T. It is clear that both proposed
estimators perform better than the unrestricted estimator over the whole range of
R?, which supports the theoretical findings of the previous section. The Stein-like
weighted average estimator and the weighted average MMSE estimator have
similar performance for all values of p. However, the weighted average MMSE
estimator performs slightly better for small values of R? and the Stein-like
weighted average estimator performs better for the rest. This is expected because
for small values of R? the bias of the restricted estimator is very small, so it has a
smaller risk than the unrestricted estimator, and as the weighted average MMSE
estimator assigns a larger weight to the restricted estimator, initially it performs
better and as the risk of the restricted estimator increases, the risk of the weighted
average MMSE estimator becomes slightly larger than the Stein-like weighted
average estimator. Furthermore, these figures show that the ranking of the
estimators is quite similar across different sample sizes (T") and different number
of cross-sections (N).
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Figure 1: Relative MSE of Unrestricted, Restricted, Averaging, and Combined MMSE
Estimators, for Fixed Effects model with T =100; N=100; k=6;q=4
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Figure 4: Relative MSE of Unrestricted, Restricted, Averaging, and Combined MMSE
Estimators, for Random Effects model with T =20; N=100; k=6;q=4
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Figure 5: Relative MSE of Unrestricted, Restricted, Averaging, and Combined MMSE
Estimators, for Random Effects model with T =20; N=200; k=6;q=4

6. Conclusions

In this paper, we introduce two weighted average estimators for estimating the
slope parameters in linear panel data models. The introduced estimators are
weighed averages of an unrestricted generalized least squares estimator, and a
restricted generalized least squares estimator. The weights are inversely related to
a weighted quadratic loss function which measures the weighted distance between
the unrestricted and the restricted estimators. The analytical bias, MSE matrix, and
risk of the weighted average estimators using large-sample approximations of
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Nagar (1959) are derived. The superiority conditions of the weighted average
estimators in terms of the risk are given for any user-specific symmetric positive
definite weight matrix.
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A. Appendix A

LemmaA.l: If A= Q — Q = 0,(n"'/2), then we have the followings

Q=07 —7AT + 07TAQTIAQTY — QTTAQTTAQTIAQTY + 0,(n7P), (AD)
0p(1)  0p(n~1/2) 0p(n-1) 0p(n-3/2)

(x'ﬁ—lx)‘1 =X'071X) 7+ X'ax) X' AQT X (X' QX)) !

Op(n~1) 0p(n=3/2)
+ (X070 QT IAQTIX (X' QT 1X) T IX T TAQT X (X' QLX)
- (A2)
0p(n~2)
5
— (X071’ A0 TAQTIX (X' QIX) L + 0, (n‘E),
0p(n~2)
X0 = X0 — X' 1AQ u + X' A0 AQ My + 0,(n7Y), (A3)
o) 0D 0y (n172)
p 135-1y) 1ps a1\ 1]t
let P = (x'71x) R’ [R(x'Q7X)'R'| "R, then
P=P+P_y,;+0,(nM), (A4)

where P_y , = [I,, — P1(X'Q*X)1X'Q7*AQ™*XP = 0,(n~%/2), and the suffixes show
the order of magnitude in probability.

Proof:

Using the standard geometric expansion for the inverse of a matrix*, for large n, we have
the followings
Q' =@+t =Q7Y, +A071]?
= QI — AQ™T + AQTIAQTT — AQTTAQTIAQTY + 4]
= 9;1 —07'AQTT + 07AQ7IAQT — 7TAQTTIAQTTIAQ T + 0, (n72),
Op(1)  0p(n=*/2) Op(n™) 0p(n=3/7)

CA+A T =T —A+ A2 — A3+
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which gives the results in equation (A.1). Now, by using equation (A.l), we have
(X077 = (X0 - X0 4+ X'QTTAQTIAQTIX 4 ]
-1
= (X'Q70) 7 L, - X'QIAQT X (X' + X071 AT AKX (X' X) T 4

=X'Q7X) T+ XXX AT X (X'Q X))
Op(n~1) 0p(n—3/2)
+X'Q7IX)TIX'07IAQTIX (X' QT TIX QT IAQT I X (X' X)) T
0p(n—2)
- (X' "X’ A AT X (X' Q7IX) T + 0, (n7/?),
Op(n_z)

also we have
X0t =X'0"1u - X'Q71AQ lu + X'071AQTTAQ u + 0,(n 7).
Op(nl/Z) 0,(1) Op(n_l/z)

By using the above results, we have

[R(X’ﬁ‘lX)_lR’]_l = S + 512 + 0p(1),

where
S; = [RX'QIX)RT™ = 0,(n),
and
Si/2 = —SiRX'QX) X' QAT IX (X' Q7IX)IR'S; = 0, (n%),
hence
P=P+P_y,;+0,(n D),
where

P =X'Q )R [RX'QTNTR]TIR = 0,(D),
P—1/2 = [Ik - P](X’Q_lX)—lXIQ—lAQ—lXP — Op(n—l/Z).

Proof of Theorem 1:
From equation (3.3), we have
5] sro\ 1o~
B—B= (X X) X'U=¢& 1/ (A.5)
where §_; /,, is defined below, and the suffix shows the order of magnitude in probability,
sro\ " 1gr~ -
E1pp=XX) Xu=0,((NT)V2).
Using equation (A.5) in equation (3.9), we have
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-1

1 ) 3/ ) "_1_ A1 Hr1 “A_l_ I’“l o]
s=B-BwE-p" = 1BPwrg]” =|(p+) Pwr(p+ 5
= [(ﬁ +2B'P'WPE ]_1 L [1 + Eﬁ’ﬁ’Wﬁf ]_1 L [1 - Eﬁ'ﬁ'wﬁf ] +0,((NT)™2)
) ) ] R (
Y ((NT)™2)
Op((ND)™) 0p<(NT)_%>

where D, , = 2B'P'WPE_,,, = 0,((NT)*?),¢ = B'’P'WPB = O(NT), and the last
equality above holds by using the standard geometric expansion. The terms with order
Op((NT)‘Z) and smaller are dropped, because they will not enter in the calculation of the
bias and MSEM of the average estimator up to the orders of interest.
Employing equations (A.6) in equation (3.7), we obtain

Ba=B =(B—PB) 7|z —=Di2 + 0p((NT) )| PR
= 12+ {1+ 03+ 0,(NT)™D),
where {_; ,{_4 and {_3, are defined below
(—1/2 = 5—1/2 = Op((NT)_l/Z),
1= =5 P8 = 0, ™),

(A7)

T . T ~ _3
{52 = —gpf_% +ED%Pﬁ =0, ((v1)2).

The bias of the average estimator using the approximations in equation (A.7) up to order
O((NT)™ D) is

IE(BA - ﬁ) = IE((—1/2 + (—1) = E(f—uz) —%ﬁﬁ = —%f’ﬂ, (A.8)
where the last equality holds because E(u) = 0, hence

E(¢-.2) = (') X'E(@) = 0, (A.9)
The MSEM up to order O((NT)™2) is

E [(BA —B)(Ba— ﬁ)l] = E(T_q + T3z +T3), (A.10)

where I'_;,T_3/, and I'_; are

L= Z—1/2(i1/2'

F—3/2 = (—1/2('—1 + 5—1{i1/2,

[, = 5—1/2ﬁ3/2 + (—3/2&1/2 +{10,
and we give their expectations below
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E(T-) = E((X'X) " XawX(X'%)") = *(¥'%)"

(A.11)
]E(F—3/2) = ]E(f—1/2(i1) + ]E(f—1ﬁ1/z) =0, (A.12)
because
B(-181/2) = B[~ 5 PBELy o] =~ PBE (1) =0, (A13)

where the last equality holds by (A.9). Also, we have
E(T2) = E({-1/28 3/2) + E(C=3/28 1/2) + E({_1¢ 1)
= BBR'P —Zo? [P(R'X) " + (R'8) |
32 3 (A.14)
+202 [PREPWR(R'R) T + (XX) T PWPBR'P],

where the last equality above holds by using equations (A.15) and (A.16) below

E-18L0) = 5 PRE'P, (A.15)
and
E((_3/2811/2) = —%F’E(f—uzfiuz) + %E(Dyzpﬁf'—uz)

- - e A.16
= —20?P(XX) " + 50 PRE P WP(X'X) ", (A16)

and the last equality above holds by using
E(Dy/,PBE., ;) = 2PBR'P'WPE(E_,)5E., ;) = 202PBR'P'WP(XX). (A.17)

By employing the results of equations (A.11), (A.12) and (A.14), in equation (A.10), we
obtain the MSEM of the average estimator up to order O((NT)™2), as below

2
MSEM(f,) = MSEM(B) + %p‘gﬁ,ﬁ, _ %0215()?')?)‘113'

o T (A.18)
+ﬁ02 [PB,B”P’WP(X’X) P'+P(X'X) P’WPﬁﬁ’P’],
where the use has been made of
P(X'X) P =B(X'R) = (X'X)P. (A.19)

Further, the risk of the average estimator up to order O((NT)™1), can be written as
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Risk(F) = E[(6 - B)W(hi - )| = [WIE (6 - B)(6s - ﬂ)’]] = tr[WMSEM (6, )]

~ 12 2 . AT o (4.20)
= Risk(f) + r Eaz tr[WP(X'X)"1P'] + ﬁoz[ﬂ’P’WP(X’X)‘lP’WP[}].
O
Proof of Theorem 2:
Note that, we have
=62t (P(XX) W) = i+ p_ays + 0p((NT)7Y), (A21)

where p_y /, = tr (P(X'X)‘lw) (6% —0?) = %(62 — ¢2), and
i=a?tr (ﬁ(}?'}?)_lw) = 0(Q1).
Employing the results of (A.6) and (A.21) in equation (3.8), we obtain
Bu—B =B =B) = [f+ K12+ Op((NTY D] [Z = 55 D1z + 0,(NT)™2)| PR
=12+ 1+ 32+ 0,(NT) D), (A.22)
where {_1/,,{_4 and {_s, are defined below
(—1/2 = 5:1/2 = Op((NT)_l/z),
1= =5 P8 = 0,7,
H_
K3

N

P¢ 1 +-—=DiPp——2Pp =0, ((NT)_%),

"el‘\}| =

1
2

S =

5—3/2 = -

and &_, /, is defined in (A.5).

The bias of the weighted average MMSE estimator using equation (A.22) up to order
O((NT)™ V) is

E(ﬁM - ﬁ) = E((—l/Z + 5—1) = E(f—l/z) —%ﬁﬁ = —%ﬁﬁ' (A-23)

where the use has been made of equation (A.9).
The MSEM up to order O((NT)™2) is

E [(BM —B)(Bu — ﬁ)l] =E(T_, + Iv‘—3/2 +1,), (A.24)
where I'_;, I3, and I'_; are

I, = {—1/2{L1/2»
I3/ =0 1/2¢01 +¢-18 42,
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oy =1/283y2 +$3/28 10 + -,
and we give their expectations below

E(T-) = E((X'X) " XawX(X' %)) = a*(¥'%) ", (A.25)
]E(r—3/2) = [E(Z—1/2C1) + IE(Z—1(L1/2) =0, (A.26)
because
i -
E(Sa8la2) = IE[ - Pﬁf_l/z] =~ PrE(s) =0, (4.27)

where the last equality holds by (A.9). Also, we have
E(f 2) = E(C-l/zfig/z) + E(C-3/2¢"1/2) + E(¢-1¢L4)

- P PBR'P' — 02 [P(T%)™ + (%) 7P| (4.28)

+%a [Pﬁﬁ’ﬁ’wﬁ()?’)?)_l + (XR)PwWPE P

where the Iast equality above holds by using equations (A.29) and (A.30) below
E({-1¢4) = Pﬁﬂ P, (A.29)
and

5 M-
E(Z—3/2ﬁ1/2) = L

PE({- 1/25—1/2)+¢—E(Dl/zpﬂ€_1/2) IE( 7

Pﬂf-1/z>

(A.30)
R 20 s s
= —Zg2pX' %! +¢—02Pﬂﬂ’P’WP(X’X) L

-, |'!:z ‘e~x|-‘-:1

where the last equality holds by using (A 17), and

~l~

because of the normallty of the errors.

By employing the results of equations (A.25),(A.26) and (A.28), in equation (A.24), we
obtain the MSEM of the estimator up to order O((NT)~?2), as below

~2
~l

MSEM(By) = MSEM() +%Pﬂﬁ’ﬁ’ —2(:0 B(X'%) P +—a [P,Bﬂ P'WB(X'%) 'p
¢ ¢

+P(X'R) P WhppF, (4.32)

where the use has been made of equation (A.19). Further, the risk of the estimator up to
order O((NT)™1), can be written as
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Risk(Bu) = E[(By — B)Why — B)| = r [WIE (B~ B) (B - g)’]] = tr[WMSEM ()]
. N IIZ 2# o 4,1 B o . (A33)
= Risk(8) + i ?02 tr[WP(X'X)"*P'] + Faz/i’P’WP(X’X) LP'WPB.
O
Proof of Theorem 3:
Note that
1
A= /1+\/_+0(N ), (A.34)
where
2,
f=zu u (32— 2Zp)u—(1- 1) (55 r%) oz Da, (A.35)
for a proof see Ullah and Huang (2006). Hence, we have
A=0-0=2,(1" -2 = ~2,f +0,(N2), (A.36)

where the last equality holds by expansion of the inverse of A1
Using the results of Lemma A.1, in equation (3.13), we have

B-B=(XQ1X) XA le=¢ 1 +E +E 3 +0,(N72), (A37)
2 2

where §_y /5,612, and §_3,, are defined below, and the suffixes show the order of

magnitude in probability,
§qp=X'QTIN)TIX'Q e = 0,(N71/2),
§4=—(X'Q71X)T1X'Q7TAQe = 0,(N7Y),
§_3 = (X'Q7IX)TIX'Q71AQAQe = 0,(N73/2),

andQ = Q' - lx(x'a"1x)"tx'a "t

Using equation (A.37) in equation (3.17), we have

~=[@-Byw@E-p|" = gpweg]”

- [(ﬂ toapt OP(N_l)), [P+ Pyt OP(N_l)]’W[P +Pyjy + O,(N7H] (/3 +éapt Op(N_l))]

= [¢ + 2B’ P'WPE_, ), + Zﬁ’P’WP 2B+ 0,(D]

[1+ B'P'WPE_,, +~ 2 g wp. 2B+ 0,(N" 1)]

¢ ¢
2

s|»~e|»—=

-1
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1

- ED% +0,(N72), (4.38)
0p(N-1)  0,(N-372)

where D, , = 2[B'P'WPE_ 5 + B'P'WP_y 58] = 0,(NY/?), = B'P'WPB = O(N),
and the last equality above holds by using the standard geometric expansion. Also, the use
has been made of equations (A.1)-(A.4). The terms with order 0, (N ~2) and smaller are
dropped, because they will not enter in the calculation of the bias and MSEM of the
average estimator up to the orders of interest.

Employing equations (A.4)-(A.38) in equation (3.15), we obtain

| -

) ) 1 1 S s
faB =B =B 7|5 gzDi + O D[P+ P + 0,V NS
=012+ 1+ {3+ 0,(N7?), (A.39)

where {_, ,,{_4 and {_3, are defined below
{—1/2 = 5—1/2 = Op(N_l/z)'

T
{1=81— aPﬁ = 0,(N7Y),
{32 =§3ys——PE 1~ —P 1B +—5DiPB =0, (N77)
-3/2 -3/2 b 3 ¢ ¢2 5 p :
The bias of the average estimator using the approximations in equation (A.39) up to order
O(NY)is
E(ﬁA - .3) = IE((—1/2 + (—1) = E(f—l/z) +E(-1) —%Pﬁ = —%Pﬁ: (A.40)

where the last equality holds because E(e) = 0, then

E(¢_1/2) = (X'Q71X)71X'QE(e) = 0, (A.41)
and by the normality of the errors

E(¢_y) = (X'Q71X)"1X'Q E(AQe) = 0. (A.42)
The MSEM up to order O(N~2) is

E[(Ba—B)(Ba—B)'| = B(Ty +Tgyp +To2), (A.43)

where I'_;,T_3, and I'_, are
I = {—1/2ﬁ1/2,
M3/ =0 1/2001+ {18 4/
;= f—1/2€£3/2 + 6—3/26L1/2 + 180y,
and we give their expectations below
E(T_,) = E((X'Q71X)7 X' 0 e’ Q7 IX(X'Q71X) ™) = a2(X'Q71X)7Y,  (A44)
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E(T_3/2) = E({-1/2¢"1) + B(¢-10l4 /2) = B(§-1814/2) + E(§_128L1),  (A45)
because

B(Cadlsya) = E[(E ~ 5PB) €00e] = B(atne) 5 PRE(£2) =B (5082). (A46)
where the last equality holds by (A.41). Also, we have
E(T_;) = E(¢-1/20 3/2) + E(¢-3/28 1/2) + E(C-1¢4)

= E(§_3/28L1/2) + B(§-1/28L32) + E(§_18L1) +—

—%GZ[P(X’Q‘lX)‘l + X' X)7P]

5 Pﬁﬁ P’
(A.47)

2
+¢—§a [PBR'P'WP(X'Q™ X))~ 1+ (X'Q1X)"1P'WPBR'P'],
where the last equality above holds by using equations (A.48) and (A.49) below

E((-1¢L1) = E(-,¢L 1)——15(5—13P)——IE(P/>’€-1)+ Pb’b’ P!

= B(180) + Pﬂﬂ P, (4.48)

¢2

and

E((os28lan) = E(6o3p28L,) — PIE(& 12€6l472) = IE(P 12BEL1 1) t g E(Dl/zPﬁf-l/z)
2 rn-1 - 2 -1 -1
= E(&38L1)5) — 50 PX'Q7IX) T+ 52° 2PRR'P'WP(X'Q7X)™L, (A.49)

and the last equality holds by using

E(D1/2Pﬁﬁ1/2) = 2Pﬂﬁ'P'WIE[(P§_1/2 + P—1/2.3)S(—1/2]
e (A.50)
= 20%PBR'P'WP(X'Q™*X)™" + 2PBB'P'WE(P_ ;5 B¢., ),
and
E(P-1/2B¢L1/2) = E[(I = P)(X'Q7'X) ' X'Q71AQ T XPRE' Q7T X (X' Q71 X) 7]

= - L]E[(Ik - P)X'Q X)) IX'Q 7 Z, fQTIXPRE'QTIX (X' QT IX) T
VN2

1
=~ (I, — P)(X'Q X)X’ Q12,0 1 XPRE[fe']Q 1 X (X'Q~1X) 1
= 0,

which holds by the normality of the errors.
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By employing the results of equations (A.44), (A.45) and (A.47), in equation (A.43), we
obtain the MSEM of the average estimator up to order O(N ~2), as below

MSEM(B,) = MSEM(p) + Pﬁﬁ P - 3 202P(X'Q-1X)-1P’ (A.51)
2T
+ 527 [Pﬁﬁ'P'WP(X'Q—l)()—lP' +P(X'Q71X)"1P'WPBB'P’],
where the use has been made of
PX'QIX)7P =P(X'Q7 X)) = (X'Q71X)"P. (A.52)

Further, the risk of the average estimator up to order O(N~1), can be written as

Risk(ﬁA) =E [(ﬁA - .B),W(.éA - 5)] =t [W[E [(gA - :B)(.éA - 5)’” = tr[WMSEM(/?A)]

= Risk(f) + = i S UWP(X'Q 0P + ro? 2B P'WP(X'Q7X) " P'WPB]. A59
O
Proof of Theorem 4:
Using the results of Lemma A.1, we have
ﬁ:ﬁu(ﬂxﬁ*Xfm0=u+u%+oAN*) (A.54)

Where

o1z = o?r(PX'QT0) X QTIAQTIX(XQTIX) TIW 4 Poy fp (X'QTIX)TIW) +
02ve = 0,(N"Y?),u = o2 r(P(X'QIX)P'W) = tr(P(X'Q*X)"*P'W) = 0(1),
and v, = (¢'Mpe/a®N(T — 1)) — 1.

Employing the results of (A.4), (A.38) and (A.54) in equation (3.16), we obtain

Bu=8 == =t + GO [5= 22D + G D[P 4 Py + 0,018
=(_1/2+§_1+§_3/2+0p(N 2, (A.55)
where {_; /,,¢_4 and {_3 , are defined below
(12 =812 = Op(N_l/z):

{i=¢, —%Pﬁ = 0,(N"Y),

) " s
_ =& 3,9——P 1—— 1
(372 =8_3/2 ) 5_5 % ﬂ"‘

? b, P —PR =0, (N_;),

¢?
And ¢_, /, is given in equation (A.37).

The bias of the weighted MMSE estimator using equation (A.55) up to order O(N~1) is
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[E(BM - [3) = ]E(c—1/2 + 5—1) = IE(E—I/Z) +E(G-1) — —Pﬁ =—= .3 (A.56)
where the use has been made of equation (A.41) and (A.42).
The MSEM up to order O(N~2) is

E [(BM - .B)(BM - ﬁ)l] = ]E(F—1 + rv‘—3/2 + rv‘—z)’ (A.57)
where I_;, I3, and I'_; are

[y = (—1/2&1/2,

r—3/2 = (—1/25'—1 + 5_1<i1/2,

r—z = (—1/2(13/2 + 5—3/2¢1/2 + 5-15i1,
and we give their expectations below

E(T_;) = E((X'Q71X)"1X'Q e’ Q71X (X'Q71X) ") = a2(X'Q71X) 71, (A.58)
E(f_s/2) = B({_1/2¢11) + E(18l1/2) = E(§-1811/2) + E($_1/26L4), (A.59)
because

B8 ) = B[(6 5 PB) €1u] = B(6a80s) - £PBE(52) = E(88), (ABO)
where the last equality holds by (A.41). Also, we have
E(I.2) = E(¢-1/2{ 3/2) + E(¢_3/28 12) + E(¢_1¢ 1)

= E(f 3/25—1/2) + E(f 1/25—3/2) +E(-1¢21) + P.Bﬁ P’

—%a [PX'QIX)~ T+ X'Q71X)"P] (4.61)
+%02[P[?B’P’WP(X’Q‘1X)‘1 + X'Q71X)"P'WPBB'P'],
where the last equality above holds by using equations (A.62) and (A.63) below
E((_1¢11) =E(_18L1) _EE(f—l)ﬁ P’ —EPBIE(S_D + ¢2Pﬁﬁ ‘P’
=E(-1§1) + ¢2Pﬁﬁ P, (A.62)
and
E (Z_g/zcluz) = 1E(f—3/2§i1/2) - EPIE(E—l/zf’—Uz) - _IE(P 1/2,86—1/2) + E(Dl/zpﬁf—uz)
H-1/2 ' 2 1y)-1
—E( Pﬁé_l/z) E(E-aafl) ~ go?PUCOTK)"

+i—“021>/3/3 PWP(X'Q1X), (4.63)
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where the last equality holds by using (A.50), and

2
E(i-1/28-172) = = 77 A QX)X QTE(ef) + 0 (X' X' QT E(eve) = 0,

and
g =tr(PX'Q X)) 1X'Q 1 Z,0 XX Q1 x)" 1w
+(I, — P)X'Q X)X Z, Q7 1XP(X' Q7)) "W).
By employing the results of equations (A.58), (A.59) and (A.61), in equation (A.57), we

obtain ( A. 61), in equation (A.57), we obtain the MSEM of the estimator up to order
O(N~2), as below

2
MSEM(By) = MSEM(B) + “—ZPﬁﬁ'P' - zﬁazp(x'n—l)()—lp'
¢ ¢ (A.64)
ZM 2 Ip! rn—1 -1 pr rn—1 -1 pr I pl
+—a?[PBB'P'WPX'Q™1X)"1P' + P(X'Q™1X)"1P'WPBB'P’],

¢2
where the use has been made of equation (A.52). Further, the risk of the estimator up to
order O(N~1), can be written as

Risk(Bu) = E[(Bu — B) Why —B)| = tr [wuz [(Br — B) (Bu - ﬁ)’]] = tr[WMSEM(3y)]

. pE 2u
= Risk(f) + s o?tr[WP(X'Q™1X)"1P']
4u
+—0?B'P'WPX'Q1X)"P'WPS. (A.65)

¢2



