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Abstract A simple user-friendly empirical formula is pro-
posed to calculate the electron impact total single ioniza-
tion cross sections of beryllium-like Be, B+, C2+, N3+,
O4+, Ne6+, Fe22+, Hg76+, and U88+ and boron-like B, C+,
N2+, O3+, Ne5+, Fe21+, Kr31+, and Xe49+ targets. A sim-
plified and modified version of the Bell formula is used in
the present model incorporating the ionic correction factor.
The predicted ionization cross sections are compared with
the available experimental and theoretical results. Excellent
agreements are found for the incident energies ranging from
threshold to 106 eV considered herein. The presented results
achieve a level of agreement that is better than the calcu-
lations from the existing theoretical methods and empirical
models. Hence, this model may be an excellent choice, due
to its simplicity, for the practitioners in the fields of applied
sciences and technologies.

PACS 34.80.Dp · 34.80.Pj

1 Introduction

Electron impact (EI) plays an important role for the under-
standing of atomic structure and collision mechanisms. In
particular, electron impact ionization (EII) cross sections are
widely used in modeling the structure and dynamics of plas-
mas [1, 2], e.g. in the modeling of low- and high-temperature
plasmas and laser–plasma interactions. Besides, the knowl-
edge of ionization cross sections has wide applications in
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radiation physics, mass spectrometry, astrophysics, materi-
als research, and so on.

In recent years, various quantum methods have been pro-
posed [3–14] to calculate EI total single ionization (EITI)
cross sections, by solving the Schrödinger equation, for
different atomic and ionic targets. However, they are con-
fined to simple atomic and ionic targets only. Although
these rigorous calculations are arduous, the performance
of these methods in describing experimental data is rather
limited. The distorted wave Born approximation with ex-
change (DWBX [5]), distorted wave Born approximation
with R-matrix (DWBARM [6]), no-exchange distorted wave
Coulomb–Born approximation (NXDCB [7]), orthogonal-
ized Born–Oppenheimer approximation (OBO [8]), and rel-
ativistic distorted wave Born approximation (RDWBA [9])
models are employed to calculate cross sections. However,
experiments and quantum calculations provide cross sec-
tions for discrete energies and selected species. These mod-
els require large computation time and, moreover, do not
generate user-friendly cross sections for the practitioners in
the field of applied sciences. Therefore, the requirement can
be best fulfilled by analytic models, which can provide reli-
able data over wide domains of validity.

Several classical and empirical models are reviewed [15]
and proposed [16–32]. A semi-classical model, formulated
by Gryzinski [16], calculates inaccurate cross sections in
most cases and valid for few atoms and ions. Kim et al. [17,
18] proposed a binary encounter Bethe (BEB) model for di-
rect EI ionization cross sections, and scaled Born cross sec-
tions for the dominant inner-shell excitation–autoionization,
only for C, N, and O atoms. This model calculates cross
sections from threshold to a few keV only. On the other
hand, the Deutsch–Märk (DM) (Deutsch et al. [19–21]),
Bernshtam et al. (henceforth, referred to as the BRY [27]
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model), and Lotz empirical formulae [28, 29] are exten-
sively used to calculate and represent cross sections for
atoms and ions. A simple empirical BRY model is valid for
few selected ionic targets with charge q > 1. Godunov and
Ivanov [30] proposed a number of empirical models for cal-
culating cross sections without generalization of model pa-
rameters. However, a user-friendly model capable of calcu-
lating sufficiently accurate EITI cross sections for a variety
of species with a wide range of energies may contribute to
fill up, to some extent, the gap between the available cross
section data and the demand level. With this motivation, we
propose a simple modification of Bell et al. [31], referred
to as the BELI model [30], to improve the efficiency and
to reduce the number of fitting coefficients. In the present
work, it is our intension to explore the efficiency of the BELI
model to beryllium and boron isoelectronic ions introducing
a simple ionic correction factor as a multiplier. The model so
framed is, hereafter, referred to as the MSBELL model. The
MSBELL model is applied to calculate EITI cross sections
for the beryllium- and boron-like targets from threshold to
106 eV. Comparisons are made with the available experi-
mental data and other theoretical calculations.

In Sect. 2, we present a brief description of the MSBELL
model. A discussion of the results is furnished in Sect. 3 and
a brief summary of the conclusions is drawn in Sect. 4.

2 Outline of the model

A simple semi-empirical model [31] is proposed for the de-
scription of the EITI cross sections of atoms and ions. The
(BELI) model is given [30] as

σBELI(E) = 1

EI

{
A ln(E/I) +

5∑
k=1

Bk(1 − I/E)k

}
. (1)

Here, I is the ionization potential, E is the kinetic energy
of the incident electrons, and A and Bk are the fitting coef-
ficients.

We propose an empirical model by simplifying and mod-
ifying the BELI formula, henceforth referred to as the
SBELL model, to explore the efficiency, for the description
of EITI cross sections of ionic targets. The EITI cross sec-
tion σSBELL is given by

σSBELL(E) =
∑
nl

NnlInl

E

{
Anl ln(E/Inl) + Bnl(1 − Inl/E)

}
,

(2)

where Inl is the ionization potential of the ionizing nl orbit.
Anl and Bnl are the fitting coefficients and are expressed as a
function of the normalized potential UR . E and Inl both ex-
pressed in eV. Nnl is the number of electrons in the ionizing

nl orbit. The parameter Anl represents the Bethe coefficient
and determines the high-energy behavior of the cross sec-
tion. Here, the summation is over the orbital nl of the target.
Equation (2) contains two orbital-dependent coefficients Anl

and Bnl . The factor NnlInl/E in (2) is introduced, instead of
1/EI in (1), in line with the empirical model of Kim and
Rudd [17]. This model also ensures the appropriate nature
of the cross sections at both low and high impact energies.
However, we propose further modification in (1) by intro-
ducing the ionic correction factor for the ionic targets. As is
well known, the ionic effect decreases with the increase of
incident electron energy. In light of this fact, we suggest an
ionic correction [33] in the form of a multiplying factor FI :

FI = 1 + m

(
q

ZUR

)λ

, (3)

where m and λ are the fitting parameters. The optimum val-
ues obtained for m and λ, as will be discussed later, are 1.5
and 0.5, respectively.

The proposed MSBELL model finally takes the following
form for the description of EITI cross sections σMSBELL as

σMSBELL = FIσSBELL(E). (4)

Hence, in (4) the fitting coefficients Anl and Bnl are general-
ized by making them dependent on Inl . The coefficients Anl

and Bnl are expressed as follows.
For Be-like ions: (a) for 2s orbital (i) for 1 ≤ UR ≤ 100

Anl = 1.64 × 10−10UR

(1 + 77UR)3.1
, (5a)

Bnl = −3.46 × 10−11UR

(1 + 69UR)3.1
, (5b)

(ii) for 100 ≤ UR ≤ 104

Anl = 2.76 × 10−10UR

(1 + 89.65UR)3.1
, (5c)

Bnl = −8.91 × 10−12UR

(1 + 69UR)2.9
, (5d)

(b) for 1s orbital (i) for 1 ≤ UR ≤ 100

Anl = 1.10 × 10−10UR

(1 + 89.65UR)3.1
, (5e)

Bnl = −2.85 × 10−11UR

(1 + 69UR)3.1
, (5f)

(ii) for 100 ≤ UR ≤ 104

Anl = 2.56 × 10−10UR

(1 + 89.65UR)3.1
, (5g)
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Bnl = −5.33 × 10−11UR

(1 + 69UR)3.1
. (5h)

On the other hand, for B-like ions: (c) for 2p orbital (i) for
1 ≤ UR ≤ 100

Anl = 2.44 × 10−11UR

(1 + 69UR)2.68
, (6a)

Bnl = −5.24 × 10−13UR

(1 + 69UR)2.3
, (6b)

(ii) 1s and 2s orbitals

Anl = 5.20 × 10−10UR

(1 + 69UR)3.39
, (6c)

Bnl = −9.60 × 10−11UR

(1 + 69UR)3.05
, (6d)

(d) for 2p orbital (i) for 100 ≤ UR ≤ 104

Anl = 1.49 × 10−12UR

(1 + 89.65UR)2.55
, (6e)

Bnl = −9.81 × 10−12UR

(1 + 69UR)2.95
, (6f)

(ii) 1s and 2s orbitals

Anl = 2.32 × 10−8UR

(1 + 69UR)3.6
, (6g)

Bnl = −2.56 × 10−10UR

(1 + 69UR)3.1
. (6h)

The ionization potential is normalized by UR = Inl/R,
where R is the Rydberg energy. The units of Anl and Bnl

are expressed in cm2. For the heavier ions, one has to take
the relativistic effect into account in (4), but it is not nec-
essary because the fitting parameters are obtained with ac-
count for the experimental cross sections in the considered
energy range and provide accuracy within the experimental
error.

3 Results and discussion

The ionization potentials Inl have been collected from the
published results [34] for the neutral targets, and calculated
using Dirac–Hartree–Fock code [35] for the ionic targets.
EITI cross sections are calculated by applying the proposed
MSBELL model for the beryllium and boron isoelectronic
systems, using (4) along with (5) and (6), respectively, tak-
ing into account the incident electron energies from thresh-
old to 106 eV. The results are presented for Be-like Be,
B1+, C2+, N3+, O4+, Ne6+, Fe22+, Hg76+, and U88+ tar-
gets and for B-like B, C1+, N2+, O3+, Ne5+, Fe21+, Kr31+,

and Xe49+ targets. Most recent experimental as well as the-
oretical results are taken into consideration for comparison
with the results obtained by the MSBELL model.

The parameter values m = 1.5 and λ = 0.5 for the ionic
correction factor FI in (3) are optimized in such a way that
(4) describes the best EITI cross sections with respect to the
experimental data for the studied range of incident energies
and for the targets considered herein. The coefficients of the
parameters Anl and Bnl in (5) and (6) are determined from
the overall best fit of the MSBELL predicted cross sections
to the experimental data. A measure of the quality of best fit
is determined by minimizing chi-square defined as

χ2 =
∑

i

[
σt (Ei) − σx(Ei)

σx(Ei)

]2

,

where σt (Ei) and σx(Ei) refer, respectively, to the theoret-
ical and experimental cross sections at the energy point Ei .
The optimum values of the coefficients, in terms of which
the parameters Anl and Bnl are defined, are obtained using
a non-linear least-square fitting program.

The open and filled symbols are used in the figures to
represent, respectively, the quantum and experimental re-
sults. The continuous and dashed lines are used, respec-
tively, to represent the cross sections calculated by the MS-
BELL model and by the other classical, semi-classical, or
empirical models.

The EITI cross sections of beryllium-like B+, C2+, and
N3+ ions are shown in Fig. 1a–c, respectively. The MS-
BELL predictions for B+ are displayed in Fig. 1a, along
with the experimental cross sections [36] and the results of
DWBX [37], the binary encounter dipole model with rela-
tivistic and ionic corrections (RQIBED [22]), and the BRY
[27] theories. The DWBX and RQIBED results agree well
with the experimental results but the BRY results largely un-
derestimate the experimental results over the whole studied
energy region. The experimental results [36] indicate that
the enhancement in cross sections comes from the contribu-
tions of metastable states. Besides, the contributions from
the excitation–autoionization (EA) process may be account-
able for this enhancement. However, good agreements are
found between the MSBELL and experimental cross sec-
tions over the considered range of incident energies.

In Fig. 1b, we present the MSBELL cross sections for
C2+, along with the experimental results [36, 38, 39], and
findings from the distorted wave Coulomb–Born approxi-
mation with exchange (DCBX [41]), NXDCB [7], DWBX
[37], BRY [27], and RQIBED [22] theories. The experi-
mental results [36] suggest that 40% contributions in cross
sections originate from the metastable state with a mixture
of the 60% and 40% contributions from the ground and
metastable states, respectively. Similar to the B+ target, the
BRY calculations are reduced in magnitude. The RQIBED



570 M.R. Talukder

Fig. 1 Electron impact total ionization cross sections for Be-like ions:
(a) B+, (b) C2+, and (c) N3+

cross sections shift in peak position towards the higher en-
ergies relative to the experimental results. Nevertheless, the
MSBELL prediction agrees well with the DWBX, DCBX,
and the experimental data except in the peak region.

The MSBELL cross sections for N3+ are depicted in
Fig. 1c, along with the experimental [36, 39, 41, 42] results
and the NXDCB [7], OBO [8], DCBX [41], DWBX [37],
BRY [27], and RQIBED [22] calculations. In this case, also,
the BRY results underestimate the experimental data. The
NXDCB, OBO, DCBX, and DWBX results agree well from
threshold to the peak region but slightly underestimate the

experimental results [34, 39] from the peak to the high inci-
dent energy region. Here, again, a slight shift in peak posi-
tion towards the higher energies is observed for the RQIBED
results. On the other hand, no such peak position shifting is
found for the MSBELL results and hence the present model
is successful for the description of EITI cross section data.
However, comparisons among the theoretical findings with
the experimental cross sections, as shown in Fig. 1a–c, dic-
tate that the MSBELL calculation is the best for the B+,
C2+, and N3+ ions.

Figure 2a–c show the EITI cross sections of beryllium-
like O4+, Ne6+, and U88+ ions, respectively. The MSBELL
predictions for O4+ are displayed in Fig. 2a, along with
the experimental results [36, 39, 41, 43], and the theoret-
ical DCBX [40], DWBX [37], BRY [27], and RQIBED
[22] findings. The predictions from the MSBELL, DCBX,
DWBX, and RQIBED theories agree each other but slightly
underestimate the experimental results around the peak re-
gion. The enhancement in experimental cross sections at
around 550 eV is due to the contribution of the EA process
[36]. Metastable states of the target particle may also con-
tribute to the enhancement in cross sections. The BRY cal-
culations are lower in magnitude with respect to the experi-
mental cross sections over the wide incident energies except
in the high-energy tail.

We present the MSBELL cross sections, along with the
experimental results [39, 44, 45], and theoretical findings
from DWBARM [6], DCBX [40], RQIBED [22], and BRY
[27] for Ne6+, as shown in Fig. 2b. The BRY calculations
certainly underestimate the experimental data over almost
the whole studied range of incident energies. The MSBELL,
DWBARM, and DCBX results provide excellent agreement
with each other and also with the experimental data over the
energy range considered herein. The RQIBED results are
identical in pattern and magnitudes, but slightly shifted in
peak position from the peak to the high-energy tail.

The MSBELL predictions for U88+ are depicted in
Fig. 2c along with the theoretical DWBX [37] and RDWBA
[9] findings. To the best of our knowledge, experimental re-
sults are not available for U88+. The MSBELL predictions
agree well with the DWBX calculations over the domain
of incident energies. Hence, the MSBELL predictions, as
shown in Fig. 2a–c, provide better success for the descrip-
tion of EITI cross sections for O4+, Ne6+, and U88+ targets
over the studied incident energies than other theoretical find-
ings considered herein for comparison.

The EITI cross sections for boron-like C+, N2+, and O3+
targets are depicted in Fig. 3a–c, respectively. The MSBELL
predictions for C+ are displayed in Fig. 3a along with the ex-
perimental cross sections [39, 46] and the results of NXDCB
[7] and BRY [27] theories. The BRY calculations signifi-
cantly overestimate the experimental results over the studied
range of incident energies. But, the MSBELL predictions
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Fig. 2 Same as in Fig. 1 for Be-like ions: (a) O4+, (b) Ne6+, and
(c) U88+

exhibit excellent agreement with the NXDCB and experi-
mental data over the whole incident energies.

In Fig. 3b, we present the MSBELL cross sections, exper-
imental results [39, 45, 46], and findings from the NXDCB
[7] and BRY [27] theories for N2+. The BRY results largely
overestimate in magnitude the experimental results but are
identical in pattern with the present calculations. However,
as compared to the NXDCB calculations, the MSBELL pre-
dictions are successful for the description of experimental
EITI cross sections.

Fig. 3 Same as in Fig. 1 for B-like ions: (a) C+, (b) N2+, and (c) O3+

The MSBELL calculations for O3+ are depicted in
Fig. 3c along with the experimental results [39, 41] and the
BRY [27] calculations. The BRY and MSBELL predictions
are identical in pattern, but the magnitude of BRY is higher
compared to those of experiment. But, excellent agreements
are found between the MSBELL and experimental cross sec-
tions over the studied range of incident energies. Hence,
comparisons among the experimental and theoretical find-
ings, as viewed from Fig. 3a–c, dictate that the predictions
from the MSBELL model are the best for the C+, N2+, and
O3+ ionic targets.
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Fig. 4 Same as in Fig. 1 for B-like ions: (a) Ne4+, (b) Fe21+, and
(c) Kr31+

Figure 4a–c illustrate the EITI cross sections of boron-
like Ne5+, Fe21+, and Kr31+ ions, respectively. The MS-
BELL calculations for Ne5+ are displayed in Fig. 4a along
with the experimental [39, 45] and BRY [27] cross sections.
In this case also the BRY calculations overestimate the ex-
perimental cross sections over the domain of incident ener-
gies. The MSBELL calculations show identical pattern and
agree well with the experimental data except from the peak
to 800 eV. This reduction in measured cross sections may
occur due to the sources used or to the details of atomic

Fig. 5 Same as in Fig. 1 for B-like targets: (a) Xe49+ and (b) B

structure and population dynamics for the different species
[45].

We present the MSBELL cross sections, experimental re-
sults [47], and theoretical findings from BRY [27] for Fe21+
in Fig. 4b. Here, again, the BRY calculations are signifi-
cantly higher in magnitude with respect to the experimental
data, but identical with the MSBELL pattern. The present
results agree well with the experimental data.

The MSBELL predictions for Kr31+ are depicted in
Fig. 4c along with the experimental cross sections [47] and
theoretical BRY [27] findings. In this case, also, the BRY
calculations are remarkably higher in magnitude over the
whole incident energy range. But, the MSBELL cross sec-
tions agree well with the experimental data within the exper-
imental error. As a whole, the MSBELL predictions produce
better agreement for the description of EITI cross sections
for the Ne5+, Fe21+, and Kr31+ ions over the incident ener-
gies considered herein than the available quantum or empir-
ical findings.

Figure 5a and b display the MSBELL calculations for
boron-like Xe49+ and B. In Fig. 5a, we compare the ex-
perimental EITI cross sections [47], along with the find-
ings of the BRY [27] theory, for Xe49+. The MSBELL and
BRY cross sections show identical pattern. But, the BRY re-
sults significantly misjudge the experimental cross sections.
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Fig. 6 Same as in Fig. 1 for Be-like targets: (a) Be, (b) Fe22+, and
(c) Hg76+

However, the present results produce excellent agreement
with the experimental data.

To the best of our knowledge, no experimental data is
available for B. Hence, the MSBELL cross sections are de-
picted in Fig. 5b for B along with the theoretical Coulomb–
Born approximation with exchange (CBX [48]), RQIBED
[22], and BRY [27] results to adjudge the performance of the
present model. No agreements are found among the CBX,
RQIBED, and BRY results. But, the MSBELL results agree
well with the CBX calculations over the domain of incident
energies except in the peak region. Therefore, the MSBELL

model shows better performance, as viewed from Fig. 5a and
b, for the description of the EITI experimental data.

As far as we know, experimental results are not available
for the beryllium-like Be, Fe22+, and Hg76+ targets. The
MSBELL predicted EITI cross sections for Be, Fe22+, and
Hg76+ targets are depicted in Fig. 6a–c to adjudge the results
of DWBX [37], RQIBED [22], BRY [27], and TPDW01
(two-potential distorted wave [49]) theories, respectively.
No agreements are found among the DWBX, TPDW01,
RQIBED, and BRY results. Fair agreements are found be-
tween the MSBELL and TPDW01 results. It is interesting
to note that interpolation is used to determine the values of
the coefficients Anl and Bnl for B, Be, Fe22+, and Hg76+
targets. Therefore, the MSBELL model may be used for the
beryllium- and boron-like targets within the specified range
of UR mentioned in (5) and (6). Finally, the overall perfor-
mance level of the MSBELL predictions is the best among
the other empirical results considered herein for compari-
son.

4 Conclusions

The MSBELL model, from the overall level of its perfor-
mance, yields the best success for the description of the ex-
perimental EITI cross sections in the beryllium and boron
isoelectronic systems with the incident electron energies
from threshold to 106 eV. As compared to the other theo-
retical results, the efficiency of the MSBELL model with re-
spect to the domain of species and incident energies consid-
ered herein is found the best or better than the other compli-
cated quantum, classical, or empirical methods. It is demon-
strated that the MSBELL model provides very encouraging
and convincingly accurate results for the Be- and B-like sys-
tems. Hence, the MSBELL model with its simple structure
may prove to be an efficient alternative for the description
of EITI cross sections for the beryllium and boron isoelec-
tronic systems for the applications in the applied sciences
and technologies.
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